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Abstract

We characterize the set of finite shapes with minimal perimeter on hyperbolic lattices given
by regular tilings of the hyperbolic plane whose tiles are regular p-gons meeting at vertices of
degree ¢, with 1/p+1/q < % The main tool is a layer decomposition due to Rietman-Nienhuis—
Oitmaa and Moran, which allows us to prove convergence towards the Cheeger constant when
these shapes exhaust the lattice. Furthermore, we apply a celebrated result of Floyd—Plotnick,
which will allow us to compute the Euler characteristic for these graphs in terms of certain
growth functions and the number of n-sized animals on those lattices.
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1 Introduction

Hyperbolic lattices £, ; play a crucial role in geometry, topology, and mathematical physics when
considering spaces beyond the Euclidean setting, for example by including negative constant curva-
ture in the space. Some concrete applications can be found in e.g. crystallography [2], non-Euclidean
analog of the quantum spin Hall effect [17] or quantum electrodynamics [8], with remarkable exper-
imental consequences [3].

These lattices are discrete symmetry groups acting on the hyperbolic plane, forming regular
tilings or tessellations of the two-dimensional space with constant Ricci curvature of —1 like the
Poincaré disc. Moreover, they form the simplest examples of regular lattices (p vertices of degree
q) associated to a non-Euclidean geometric setting and have been constructed through a layer
decomposition in [13]. For examples, see Figures 1.1 and 1.2. In [13], the authors observed that

these lattices can alternatively be constructed through successive layers of tilings, starting from a
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Figure 1.1: Embedding of L7 3 in the hyper- Figure 1.2: Embedding of £37 in the hyper-

bolic disc bolic disc

fundamental tiling, where the vertices in each layer follow a simple recursive pattern. This recursive
structure was then explicitly used in [11] to compute the growth rate of these lattices.

Invariants are quantities or properties that remain unchanged under certain transformations.
In the context of hyperbolic lattices, they can be algebraic, geometric, or topological, and they
help characterize the intrinsic properties of these structures. In this work, we will be specifically
interested in two topological invariants, namely the Cheeger or isoperimetric constant and the Euler
characteristic of hyperbolic lattices.

Isoperimetric constants i.(-) are important because they quantify how efficiently a shape encloses
an area (in two dimensions) relative to its perimeter, and because they quantify global connectivity
in a graph. Intuitively, the isoperimetric constant of a graph represents the measure of how difficult it
is to separate the graph into two parts. A high isoperimetric constant implies that every finite subset
of vertices has many edges connecting it to the rest of the graph, indicating strong connectivity.
Conversely, if the isoperimetric constant is zero, the graph contains finite subsets with very few
boundary edges, suggesting a structure that can be easily separated (such as Z? which are examples
of amenable graphs).

The 1-skeleton of hyperbolic lattice provides an example of an infinite non-amenable graph G,
i.e. i.(G) > 0, meaning that no finite subset has a small boundary relative to its size. The positivity
of i.(G) explains why these graphs (and models defined on these graphs) behave differently from
their counterparts on classical structures like Z9.

For example, percolation follows a distinct pattern on these lattices [10, 6], as e.g. there are two
percolation thresholds where one has regimes in which there are 0, infinitely many infinite clusters
or 1 infinite cluster, analogously to what happens for percolation on Ty x Z, see also [5].

The ferromagnetic nearest-neighbors Ising model on these lattices also behaves much differently
from its counterpart on Z? at low temperature. In the latter setting, Aizenmann [1] and Higuchi [7]
proved that the set of extremal Gibbs states at low temperature consists of two measures. For
hyperbolic lattices, it is now known that there are uncountably many extremal Gibbs states at low
temperature [4], indexed by certain bi-infinite geodesics on the dual lattice (similar to Dobrushin
interfaces), providing a positive answer to a broader conjecture by Series—Sinai [15] in this special
case.

Another important question related to the isoperimetric problem is what are the minimal shapes



associated with the minimal perimeter given a fixed volume and whether they realize the isoperi-
metric constant. For example, in Z% minimal shapes are squares and in R? balls.

In [6, Theorem 4.1] the authors compute the value of the isoperimetric constant i.(G) for the
hyperbolic lattice and mention in [6, Remark 4.3] that the combinatorial balls do not realize the
isoperimetric constants. The authors consider combinatorial balls in the dual lattice £;,, = Ly,
starting from a vertex o.

In this paper, we prove the following results:

Theorem. [SHAPES OF MINIMAL PERIMETER| For a fized volume N € N, there exists an explicit

set of shapes with strict minimal perimeter My .

In particular, the ratio between the external boundary and the number of vertices in these shapes
converges towards i.(Lp4), when the shape exhausts £, ,. This theorem provides an answer to a

long-standing open question.

Theorem. [HAGGSTROM-JONASSON-LYONS CONSTANT VIA LIMITS] For i.(L, ) computed in [0,
Theorem 4.1] we have that

) . |Oe A |
(Ly) = 1 ,
! ( p,q) |//[1|r£oo ’%’

where M € My.

The Euler characteristic x is a fundamental invariant in topology and combinatorics that provides
insight into the structure of shapes, surfaces, and graphs. Originally introduced by Leonhard Euler
in the context of polyhedra, it has since found applications in graph theory, network analysis, and
computational topology. For finite graphs it is equal to the number of vertices and number of faces
minus the number of edges. Applications can be found for example in topological data analysis [16]
or network analysis [9]. Intuitively, the Euler characteristic describes how well connected a graph
or surface is. A positive xy means that the graph is simply connected whereas a negative y indicates
that it has holes. For infinite graphs it is not obvious how to define the Euler characteristic. A
pioneering work by Floyd—Plotnick [12] relates the growth functions associated on these Fuchsian

groups to their Euler characteristic. We will use their result to prove that:

Proposition. [EULER CHARACTERISTIC| Let G, , be the Fuchsian group associated to L, ,. Then

its Fuler characteristic is given by

2q +2p — pq
X(Gpq) = T

In the Corollary 3.4 we compute the explicit number of animals of size n in the graph £, ,.

The structure of the paper is as follows. In Section 2 we will define all objects and fix notation,

Section 3 contains all results which are proven in Section 4.



2 Definitions and notations

Consider a general graph G = (V,E) and let A C V be a subset of vertices. We denote by |A|
the cardinality of A and by A¢ =V \ A the complement of A in V. Two vertices are connected if
there exists an edge between them. The set A is called connected, if for each v,u € A there exists
a sequences of connected vertices in wq, ..., w, € A such that w; = v and w, = u. The perimeter
|0cA| of the set A is the cardinality of the external boundary of A, defined as

|0.A| == |{(v,w) € E|veE A, w¢ A} (2.1)

Definition 2.1. (i) (Finite graphs) The Cheeger (or isoperimetric) constant i, , resp. the Cheeger
geometric constant iy, are defined as

, . |0A| g . |0A|

m = = s 2.2

im(G) nin A and i (G) Jnin vol(A) (2.2)

|Aj=m |A|=m
where vol(A) is the sum of the degrees of the vertices, i.e. vol(A) =3 ., deg(v).
(ii) (Infinite graphs) The Cheeger constant of G is defined as follows
o |0 A
ie(G) = Alg‘f/ Al (2.3)
0<]A|<o0

We will define the hyperbolic lattice using the construction from [13]. Let {p, ¢} be two integers
such that % + é < % Gp,q is the Fuchsian group defined as follows

Gp.q = (a,bla, b7, (ab)2) (2.4)

where a denotes the rotation around a given lattice point over an angle a = 27w /q and b a rotation
around the center of an adjacent face over an angle 5 = 27/p. The rotation is defined w.r.t. the
hyperbolic metric (remark that we fix the scalar curvature to —1 with this choice)

4(dz* + dy?)

2 __
ds* = A—a2 22

The group G, , C PSU(1,1) is a subgroup of the group of isometries of the unit disc in the complex

plane. A representation p of a,b can be defined in the following way:

. eih/2 0
p(a) - 0 e_iB/Q

1 (em/2 _ p2p—ia/2 _T(em/2 _ em/2)>

P(b) = iﬁ ,r(eia/Q _ e—ia/2) e—ia/2 _ p2gia/2

cos((a+p)/2)
cos((a—p)/2)"
Definition 2.2. The hyperbolic lattice L,, = (V,&) is defined as follows. Choose z = o as the

center of the fundamental face and choose z = r an adjacent lattice point. The vertices are generated

and r2 =

by words a, b acting on z = r. Edges are drawn between points as a result of the action of g1,92 € Gp 4

on 1 if go = q1a™ba™ for some m,n =0,...,p— 1.



Note that the faces are equilateral and the lattice £, 4 is naturally embedded into the Poincaré

disc, see Figures 1.1, 1.2.

In the following, we will describe an alternative way to construct £, , in terms of layers. Let
k € NU{0}, we define the k-th layer, denoted by Ly, as the set of vertices in V constructed in the
following way.

The zero layer Ly is the set of p vertices in the unique face of £, ; containing o. The first layer
L is the set of vertices (not in Lg) of all the faces which are adjacent with the face containing o
(including those sharing just a vertex). For k > 2, we define Ly, iteratively as the set of vertices of
all the faces which are adjacent with the face containing the vertices in Ly_1. Denote by By(o) :=
Uf:o L; the ball of radius k centered at o, see Figure 2.1 for an example. If the layer depends on a

different reference point = (such as the middle point of a tile), we will write Ly(x).

Figure 2.1: Example of layers Lo, L1, Lo. Figure 2.2: Example of “combinatorial balls”
The union is the ball Bs(0). defined via tilings in [12].

Clearly, V = Up>oLy and L; N Ly = 0 if j # k. Let n be fixed and consider first p > 4. We will
distinguish between two types of vertices in each L, in a recursive way, those which are connected
to vertices from the previous layer L,_;, denoted by I, , (from “internal vertices”) and those
which are not, denote by E,,.,, (from “external vertices”), see also the construction in [13]. More

precisely,
o Iype={vel,|Fwel, :(vw)ecl};
® Enpg="Ln\ Inpg,

so that |In.pq| + |Enpgl = |Ln|. See Figure 2.3 for an example. For p = 3 (triangulations) the
situation is special since all vertices in a layer are connected to the previous layer. In this case, we

will define the following subsets for n > 2:
o s, ={vely|Iwel,1:(v,w) e}
o I, ={ve Ly Jwi,wz € L1 : (v,w1), (v,wa) € &},

see Figure 2.4. In this case, |I},3 | + 2|15 .| = [Ln|. The first set consists of the 3 points in the
first triangle L.

We will add the dependence on a reference point x in the definition of the sets I, 4(2), En:pq(2),

7/1;3,q(x) resp. 7/{;37(1(16') if 75 0.



Figure 2.3: Example of the sets Ey.73 and Figure 2.4: Example of the sets I 5 7 in blue,
E1.73 in blue and I3 7 in green. 1.3z in green and the set Lo in pink.

Remark 2.3. Note that the “combinatorial balls” B,, constructed in [12] using the word norm on
the Fuchsian group G, , are unions of tiles. If we look at the corresponding combinatorial ball
in the dual lattice B], of radius n from the origin o defined in [6], then |0.B8]| < |0.B,| and
|0.B,,| /1Bl > |0eBnl/|Br|. This is the reason why their combinatorial balls will not realize the
isoperimetric constant (see Remark 4.3 in [6]) and ours will. For an example comparison we refer

to Figures 2.5 vs 2.6.

Figure 2.5: Example of Bj(o) in pink and Figure 2.6: Example of Bi(o) in pink and
the green vertices are indicating d. B1(0). We the green vertices are indicating 9.51 (o). We
have |9, B1(0)|/|Bi(o)| = 3/5. have |9.B1(0)|/|B1(o)| = 2.

For any connected set of vertices A, we will define the smallest combinatorial ball containing A
and a largest ball contained in A.

Definition 2.4. Let A C V be any connected set of vertices (order them lexicographically <), and
set |A| = N. We define Bamaz the largest ball contained in A as follows. If the vertices in A do
not form a polygon (or a tile) then set Ba maz = 0. Otherwise, there exist M < N —p layers Ly (z;)
in A with middle points x1,...,xp. Let

l

!
{Z,m} == arg max argmax U Ly(z;) : U Lp(x;) C A
leN {xl,...,zM} k=0 k=0



Then BA max is defined as

BA,max(E) = U Lk(f)
k=0

Note that this ball is not uniquely defined. In the case that several sets B mqz(T) can be

constructed in this way we take the ball with the smallest reference point in lexicographic order.

Definition 2.5. Given T as in Definition 2.4, let

l l
M = argmin U Li(Z) : U Lp(z) D A
[N k=0 k=0

We define the minimal ball containing A, by

M
Bamin(®) = | Lr(@).
k=0

An example can be found in Figure 2.7.

Figure 2.7: Example of the set of connected points A, displayed as blue points. There are two tiles
present in A. One is centered at = and one at y with 2 < y. The ball B4 yq.(x) is displayed by the
pink circles and and the layer Ba arin () \ BAmaz(z) by the green circles.

Furthermore we will characterize the vertices v in the layers in Ba pin(Z) \ BAmaz(T) as empty
if v ¢ A and occupied if v € A. A sequence of consecutive empty, resp. occupied, vertices in the
same layer is called a strip.

Finally, for a fixed N € N and connected set A C V such that |A| = N we will define sets My

which will turn out to be the set of minimal shapes which have minimal perimeter.

Definition 2.6. Fiz N € N and let A be a connected set A CV such that |A| = N. We call
Ne = (Ba min(T) \ Bamaz(T)) N A, resp. Ny = (Bamin(T) \ Bamaz(T)) N A

the set of empty, resp. occupied vertices, in Ba nin(T) \ BAmaz(T). Define a strip S of length |N|
i some layer L for K large enough. Denote by 0mq. the mazimal possible number of vertices
v € S which are also in Ik, for p > 4, resp. also in I}’(;&q for p = 3. Moreover let s, denote the
number of empty strips in the layers of Ba pin(T) \ BAmaz(T). Then A € My if it satisfies one of

the following conditions:



(C1) se =0 and Ba min(T) = BA maz(T).

(C2) se > 1 and the set N, contains precisely omaz + (se — 1) vertices v such that v € Ufzmﬂ Lpg

M "
resp. v € Up—my1 I q-

We construct some examples of sets in M17 in Figures 2.8 and 2.9.

Figure 2.8: Example of A € M7 with |N,| = Figure 2.9: Example of A € My7 with [N, | =
10, |JNVe| = 18. We have s, = 1, m = 3, and 10, |Ne| = 18. We have s, = 2, m = 3, and
three vertices are in Iy,7 3. 3+ (2 —1) vertices are in I1,73.

3 Results

In this section, we present the main results of this paper. The first result concerns characterizing

the sets of minimal perimeter for a fixed volume N € N for any hyperbolic lattice £, ,.

Theorem 3.1 (Minimal perimeter). Given N € N, let Sy = {A C V : |A| = N} be the set of all
subsets of vertices with size N. Then for any A € Sy \ My:

|0.A| > |0 |,

where M € My. Moreover, given a finite graph G with vertex set By (0), the Cheeger and geometric
Cheeger constants are equal to

[0t
N

_ |Oett|

in (G) and i% (G) N

where iy, 1% are defined in Definition 2.1.

In the following theorem we will show that our minimal shapes in My realize the Cheeger

constant (or isoperimetric constant) computed in [6, Theorem 4.1], when N — oc.

Theorem 3.2 (Realizing the Cheeger constant). For some N € N, let #4 € My and the Cheeger

constant be equal to

_ o B 4
telra) = 2)\/1 v 22

, . |0 |
e = 1 .
ellpa) =\ A8 1]

Then

8



Proposition 3.3. (Euler characteristic) Let G, , be the Fuchsian group defined in Equation 2.}
associated to L, 4 and {p,q} such that % + % < % Then the Euler characteristic is equal to

2q +2p — pq
X(Gpq) = oy

From the proof of Proposition 3.3 we have the following interesting corollary which provides a

formula for the number of connected sets of size n.

Corollary 3.4. Let g,(z) = > .07, agp)z" be the gemerating function for the number of connected

components of size n depending on p. Then, we have that

Cpq(Ce N} +CAL) ifp>4

alP) = ) _
3+CLNT oA ifp=3

. the other constants C,Cy are equal to

where ¢, 4 =

2\/(1272)(1?(11*2)*2@
Ci=(/(p—2)(pla—2) —2¢) F2/q -2+ p\/q—2) (3.2)

5~ 3 (g—5)(¢—2)
C*2<q - <q—6><q—2>>’ 3

and Ay are the eigenvalues equal to % (2 +p(g—2)—2¢+/(p—2)(qg—2)(glp — 2) — 2p)).

We postpone the proofs of the previous results to the next Section 4.

4 Proofs

In this Section we will prove our main results.

4.1 Proof of Theorem 3.1

In order to prove Theorem 3.1 we need the following lemma. In this lemma we show that sets A

which are not connected cannot be in M y.

Lemma 4.1. Let A C V be a non-connected set of vertices, and |A| = N. Then there exists a set
B CV such that |B| = |A| and |0.B| < |0:A|.

Proof of Lemma 4.1. Suppose that A is composed by m connected components A, ..., A, with
m > 1. W.lo.g. let As be the closest (in graph distance) connected set of vertices to A; in the
same layer. Let B be set of vertices composed of m — 1 connected components By, ..., By,—1 such
that B; = A; fori =3,...,m—1and By = A1 UH(As) is a connected set of vertices where H(As) is
the homomorphism translating vertices from As towards A;. Thus, |0.B| < [0.A| — 1 < |0.A| and

we conclude. O

In the following, we will prove Theorem 3.1. Given any set D € Sy \ My we will construct a
set A out of D by elementary operations such that |0.D| > [0.A|. By Lemma 4.1 we can exclude

all sets D which are not connected. Given a connected set D, we construct the balls Bp arin(T)



resp. Bp maz(T) containing resp. contained in D, see also Definitions 2.4, resp. 2.5. Recall that we
can write any such D as
D = BD,mam UN,.

To ease notation we will assume w.l.o.g. that T = o. The strategy will be to show that any
arrangement of occupied/empty strips of vertices in the annulus Bp arin \ Bp,maz Which is satisfying
conditions (C1) or (C2) in Definition 2.6, has larger perimeter. We will develop the proof for the
case p > 4 and leave p = 3 for the reader since it is a simple adaptation replacing the set I by I”.

In the following argument we will construct a set of smaller perimeter than D depending on
the number of empty strips s, in the annulus. Recall that if s, = 0, then D € My which is a

contradiction. We will distinguish between three cases:
(I) se =1 and the empty strip is in the last layer, S, € Ly .
(IT) s, =1 and the empty strip is not in the last layer, S, € Ly where k < M.

(IIT) Several empty strips, se > 1.

CASE (I) Note that in this case Bp rvrin = Bpmaz U Lp. Call S, the occupied strip in Ly, in
this case we have that S, = N,. Then we know that its vertices belong either to Iﬁ,p 4 Tesp. to
Eﬁ,p ¢ In fact, we can decompose a general strip S,, as

So = (So NIz, ) U (SoN Egz ) = So(I) U So(E), (4.1)

;p,q)

and [S,(I)] < Omaz by assumption, see also Figure 4.1 for an example. If [S,(I)| = 0maz, then
D € M which is a contradiction. Recall that 0,4 was the maximal number of vertices in Iﬁ,p q

an occupied strip of size |N,| can have. By a direct computation, we obtain
0 BD,max| < [0eD| + (|So(E)| +2)(4 = q) + ([So(1)] — 2)(6 — q). (4.2)

We will construct A as follows, an example can be found in Figure 4.2. Let S/ denote an occupied
strip in layer Ly; such that |S)| = |S,| and [S}(I)| = 0mae. Since [So(I)| < Omaz, we then necessarily
have that |S,(E)| > |S.(F)| and

Omaz = |So(I)] + [So(E)| — [S5(E)]- (4.3)
Set now A := Bp ;e U S,. Note that the construction of the set A is not unique. Therefore,
|0e Al = 10:Bp,maz| + (1S5(E)| +2)(q — 4) + (m — 2)(q — 6)

(4.2)

C10uD1 + (1S(B)] + 2)/(q — 4) — (1So(B)] +2)(g — 4) + (Im] — 2)(q — 6) — (|So(D)] — 2)(q — 6)
= 10.D] = (1So(E)| = [S4(E))(@ = 4) + (0maz — |So(1)])(g — 6)

“D19.D] - 2 (0maz — 1So(I)]) < |8:D. (4.4)

>0 by assumption

10



Figure 4.1: Example of D € S3p with one Figure 4.2: Example of A constructed from
empty and one occupied strip in the last D by defining a new strip S’ such that
layer, |S,(I)| = 5. |S/(I)| = 0maz = 6.

CASE (II) In this case we have one empty strip S, lying in Lj, for some k < M. If ¢ > 4 we can
proceed as follows. First note that for a set A’ := D U (S, \ {v}), where we added a vertex to the

empty strip, the perimeter satisfies
0.4 < 10.D| + (2 - q). (4.5)

Construct A by removing an occupied vertex w from the last layer in Ey; ie. A= A"U{w}.

Then |A| = |D| and

D0
10 A| = |0.A" + (4 — q)
and using Equation (4.5) and ¢ > 4 we obtain
|0eA| < |0eD| 46 —2q < |0.D|.

However, if ¢ = 3, moving one vertex will not be enough to get a set with strictly smaller perimeter,

we instead have to fill the whole empty strip with vertices from the last layer. Note that
|aeBD,Min‘ = |aeD| - |Se| -3

Call S}, an occupied strip from Ly; with cardinality |S,| = |Se| and order its vertices, such that the

first vertex w € S, N Ey; ¢ Fill the empty strip S.. Denote this new set by A, then

P,

|0 A = [0A'| + |S5(D)] = |S5(E)] + 2

and therefore |0, A| = [0.D| — 2|S.(E)| — 1 < |0 D).

CASE (III) For the general case we have s, > 1 empty strips in the annulus Bp ain \ BD,maxs

denote them by Sec1,...,Se s, where s.. We will distinguish ¢ > 4 and ¢ = 3. For examples, see

Figures 4.3, resp. 4.4. We will first assume that there exists a strip S ; which is in some layer Ly,

with k& < M such that the vertices in the layers Ly_; U Ly connected with Se,; are occupied.
Let us first consider ¢ > 4. Consider any strip Se; > v. If we fill the empty vertex v, then

10D U {v}| < |0.D|+ (2 —q), (4.6)

11



Figure 4.3: Example for a set D (blue sites) Figure 4.4: Example for a set D (blue sites)

for p = 4 and ¢ > 4. We highlighted the for p = 7 and ¢ = 3. We highlighted the

empty sites by pink vertices. We have two empty sites by pink vertices. We have two

empty strips Se1,Se2 in L1 and two empty empty strips Se 1,52 in L1 and two empty

StTipS Se.3, Se in Lo. strips Se 3, Se4 in Lo.
see also Figure 4.3. If there exists a vertex w € Egz., NN, then define A := (DU {v})\ {w}. The
perimeter satisfies |0.A| = |0.D U {v}| + (4 — q).

By Equation (4.6), we obtain the claim since |0.A| < |0.D| + 6 — 2q < |9.D|. Otherwise if
all occupied vertices w € Ly; NN, are in I37., 4> We there exists a vertex in w' € Eif 1pq D No.
Analogously we obtain for A :== (D U {v}) \ {w'} that the perimeter can be bounded by

‘8614’ < |86D| +4- 2(] < |aeD|'

In the remaining argument let us assume that ¢ = 3. We have to distinguish between the case
that in Ly; NN, there are enough vertices to fill Se; or not. Let us first consider the case that
|Lys N No| > |Se,j|. Let A= DUS, ;, then the perimeter is equal to |0cA’| = |0 D] — |Se ;| — 3. If
the whole last layer is occupied, i.e. when Ly; NN, = Ly, then define (and order) a strip in the
last layer Sp, = {v1,..., vk} for K =[S ;| such that v € Egz, 3. Set A= (DUS,;)\ S, and by a
direct computation we get that |0.A| = [0.D U S, ;| + |S,(I)| — |S,(E)| + 2 and therefore
10.A| < |0.D| —2|S.(E)| — 1 < |0.D|.
Otherwise if there are empty vertices in Lyz, then define the strip S, C Ly; with v; next to an
empty vertex w € Ly; N N,. Then we obtain for the perimeter, setting A = (DU Sc ;) \ S, then
|0eA| < 10eD U Se | + [So(I)| = [So(E)| < [0:D] — 2|S,(E)| — 3 < [0D|.

For examples of the sets D, resp. A, see Figures 4.5 resp. 4.6.
Let us now focus on the case that |Ly; NN,| < |Se |, hence there are less occupied vertices than
|Se,j|. Call h :=|L3; NN, | and fill h vertices {v1,..., v} in Sej. Then

0D U{vy,...,vp}| = |0eD] — h.

Then we define A from the previous set by removing all vertices from the last layer, i.e. A =
(DU{v1,...,v) \ (L7 N N,). Then analogously

|8eA| < 10.D| — 2IN, N Byz 5l =3 < |9:D.

12



Figure 4.5: Example of a set D. We high- Figure 4.6: Example of a constructed set A

lighted an empty strip S and a strip S’ obtained from the set D in Figure 4.5. We
with the same cardinality with first vertex filled the empty strip S with vertices from S’
in Fa.73. with the same cardinality.

Assume now that a strip S.; such that the occupied vertices in the layers Ly U Ly are
connected with S, ;, does not exist. Recall that we have s. empty (resp. occupied) strips in the
annulus Bp arin \ Bpmaz- Denote by Sy1,...,S50s. the occupied strips in layers L; where j €
{m+1,...,M}. Recall that | Ji*, S,; = N,. Then the number of occupied vertices in Ujﬁ:m+1 Lips

satisfies
M
t=|N,N U Ij;p’g < Omaz + Se — 1,
j=m+1
since by assumption, D ¢ My. Then for D \ N, = Bp mas We have that

Se

10cBDmanl < 10.D1+ 3" (10D~ 1) = 3 (180, (B)| +1)

j=1 j=1
= 18D + (t — s¢) — (NG| — t + s0). (4.7)

If [No| < |Lm+1], we define A := Bp ymaqe U S" where |S’| = |N,| and such that S’ contains opaq
vertices in Iyy1,,3. Otherwise there exists k € {m +1,..., M — 1} such that

k k+1
LI <IN < Y 1Ll
Jj=m+1 J=m+1
In this case we define A by A := BDJ,W,:UU?:1 L;US’, where S’ is a strip of length || —Z?Zmﬂ |Lj|

and such that S’ contains the maximal number of vertices in Ij41,3. For an example see Figure
4.7. Then using Equation (4.7)

10 A| < [8:.D] + (t — 5¢ — Omaz + 1) < |9eD) (4.8)

since t < Omaz + Se — 1.
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Figure 4.7: Example of a set D with two stripes of red occupied vertices, S, 1, 5,2 in the last layer
and one empty stripe of length 18 in the previous layer which will be occupied by [S,1 U S, 2| = 11

many vertices.

4.2 Proof of Theorem 3.2
Remark that for a fixed N € N and let Q) € Sy, # € M. By Theorem 3.1 we have that

10:Q| _ 0t | _ . { 0. Al
> > inf
Q — 2] — |A|

:0<|A|<oo}.

On the other hand by Theorem 4.1 in [6] we have that

ie(Lpq) = inf 94| 0<|Al <oop=(q—2)/1— _4—_.
Al (p—2)(¢—2)

Thus, it follows trivially that

. |Gt _ .
> . .
]\}grcl)o ‘%‘ - Ze(ﬁnq) (4 9)

The claim of the result will follow from Lemmas 4.2 and 4.3 which we will prove below.

Lemma 4.2. We have that

. |0:Bn(0)] .
lim ————— =i.(Lyq).
T NES] Pa
Lemma 4.3. For .# € My we have that
. |0t .
lim ——— <i.(Lpq). 4.10
| | =00 L//’ ( pq) ( )

4.2.1 Proof of Lemma 4.2

Observe that the perimeter of a ball of radius n is equal to (depending on p > 4 resp. p = 3)

|0e Bp(0)| = |In+1;p,q

, Tesp. |6€Bn(0)| = 2|I’:L/+1;37q| + |I7,1+1;3,q|?

14



so that the ratio becomes

nt1ip.q] :
£ ifp>4
ZZ:O(|Ik:p7q|+|Ek;p,q|) P=%

0By (0)]
| Bn(0)]

AN,y |+ | ,
n+1;3,q nip,q lfp — 3

34501 (1 o125 1)

From [13] we have the following recursion relation for I,.; 4, En.p ¢, see also [13, Equations (2.14)
and (2.16)], forp >4 and n > 0

(In-i-l;p,q) _ T1<In;p,q> (4.11)
En+1;p,q En;pvq
where (Io;p,g, Eo;p,q) = (0,p) and
-3 -2
T, — q 9 (4.12)
8—3p—3q¢+pg 5—2p—3q+pg
resp. forp=3,n>1
In+1'3q) (In'Sq)
e =T e 4.13
(En+1;3,q ? En;S,q ( )
Where (Io;qu, E0;37q) = (3, 3((] — 4)) and
1 1
T = . (4.14)
q—6 q—95

We will distinguish between p > 4 and p = 3. Let us consider the first case.

CASE (I) Due to the recursion relation, we have that

0
‘In+1;p,q| = (LO)TlnH (p) :

Diagonalizing 17 we obtain that

A0
Tln = (eJr’e*) ( (;r /\T_L) (€+,€7)_1,

where the eigenvalues are equal to

Ar = % (2 +p(¢—2) —20£/(p - 2)(a - 2)(alp — 2) —2p))

1 4
=<2(p—2)(q—2)—1> 1i\/1_((p—2)(q—2)—2)2 : (4.15)

15



and the corresponding eigenvectors

T T
2 2
ey = , 1 , resp. e_ = , 1
_ (p—2)(p(g—2)—2q) _ 4 _ V=2 la—2)~29)
N P =

Therefore,

pva—2 (N - A

N PRI 19

resp.
k;:o (|Ik;p,q| + ‘Ek;p,qD - ;)(17 1)T1 (p>
= P Y a N+ a )\
2/(p—2)(p(g — 2) — 29) I ( S +>
with
ar = (\/(p—2)(p(g —2) — 2¢) F2/q— 2+ p\/q—2)
4
=(p—2)vq—2 il—'_\/l_(p—Q)(q—Q) (4.17)

Then we can conclude that

()\i—i-l B )\11+1)

. |0e(Bn(0)] -
lim = lim 2+/q —2 = lim 2+v/q —2 T —"
n—oo | By (0)] n—00 S (a_)\]i 4 a+)‘]-€k> n—00 o 11—_/\;7 ta, 11—_>\/J\rJr
z n+1
= lim 2 2 - <ﬁ) —2\/72)"“_1 (4.18)
= nlﬁ{glo q - a 1_)\714»1 ay 1—Ai+1 - q - a+ .
1-X AT 1-2p p\ntl

n
since (i—;) — 0 for n — co. Moreover, by a direct computation we can compute that

) Ap—1
Ze(ﬁp,q):2 q—2 +a,+ )

which was defined in Equation (3.1).

CASE (II) We diagonalize T by computing its eigenvalues reps. eigenvectors:

At =

(1-1= V-6 -2) (4.19)

N | —

resp.

T T
6 — V12 -8 2 6—q—+/12—-28 2
er = ( ¢+t 1+4q ,1) , Tresp. e = < q a+q 1] . (4.20)

2(q — 6) N 2(q — 6) ’
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Analogously to before we write for the fraction

9:Buo)| _ 2000 <3(q - 4)) +ONT (3(q - 4))

Bafo)
34+ A1 T8 (3(;’_ 4)>

(4.21)

which reduces to

3(( (q—6)(q—2)—(q—2))>\’1+( (q—6)(q—2)+q—2)/\1>

2\/(q—6)(¢—2)

)

‘I’:L/+1;37q| =

and

3(q—2)<(4—q+\/m>/\"+(q—4+\/m)m>

2y/(q—6)(g—2)

2T 130l + 113l =

resp.
n—1
1— 2 1— A"
—_ k k) _ + —
1Bn(0)] = 3 + kzo <a+)\+ +a_A,> =3 oy ey (4.22)
where
3 —5)(q—2
ar=2(q_3+ (@-5)0q¢-2) |
2 (¢ —6)(qg—2)

By a direct computation, we obtain the claim

q—2 Ay —1
—5 = 1V 0-2) =

_a Ja=220 (A1)
=3y = ielLs) (4.23)

lim |0 By, (0)]

3
nooo [Bu(o)] 2

n
since (i—;) — 0 for n — oo.

4.2.2 Proof of Lemma 4.3

In the following let us give an exact formula for the perimeter of .#. If N is such that N, # 0, i.e.
M % By (0), then

Ot | = [ 1pgl + (@ = ) (No N Ingrpgl = 1) + (¢ = 2)(INo N Engapgl +1) if p >4,
e =
2‘]—7/’:+1;3,q| + |I7/1+1;3,q‘ + (q - 6)(|N0 n IZ+1;37q| - 1) + (q - 4)( NO n I7,1+1;3,q| + 1) lfp =3.
(4.24)

For an example see Figure 4.8.
We distinguish two cases: Case (I) p > 4, and Case (II) p = 3.
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Figure 4.8: Example of a set .# satisfying the relation (4.24) for p = 4, ¢ = 5. We have that
’Ng| =1, ’Ngﬂ]2;4’5’ =5, ‘N00E2;475| =2, |12;4’5| = 48 and |66///| =61 =48+1- (5—1)—|—3 (2—|—1)

CASE (I) We note that [N, N Inyipq| > %\N(,], see Remark 4.4 for details. By using
Equation (4.24), we can bound the ratio by

|0 A | _ nt1p,ql + (@ = D(No N Ingipgl = 1) + (¢ = 2)(INo N Engipgl +1)
- Upo L] + NG
+ (g = 2)|NG| = 2|V, N In+1;p,q| +2

U0 L] + ol

+(g—2—2fpal) N +2

_ |In+1;p,q

Int1p.q L]

Uso L] + I

(4.25)

Since |Jj_o Lj| > 0 and (q -2- 2%) > 1, see Remark 4.5 for details, we have an increasing

function of |N,| < |Lyp+1] and we obtain
In
Oott|  nrrmal + (=2 = 2{222 ) | Ly 42
<

|| ]U}Lo Lj\ + Loy
_ ’In+1;p,q| + (q - 2) (|In+1;p,q + ’En+1;p,q|) - 2‘In+1;p,q| +2

‘U?ié L;
Un+2:p,ql
_ (@ = 3)Iny1pql + (@ —2)[Eny1pql +2
Ui L)
I, 9. 2
_ [In+2,p.4] + —i(Lpq). (4.26)

+1
U?:o L; ‘
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First, we note that if p = 3 then ¢ > 7 by the assumption 1/p+1/q < 1/2. Moreover,

CASE (II)
we observe that [N, NI}, ., | > ll‘";:‘;f ||, thus
’86%‘ _ I;L/+1,pq|+| n+1;p,q (q_6)(|N0mIg+1pq 1)+( )(|N N n+1pq|+1)
|| | Ujmo Ljl + NG|
I;I{+1pq|+| n+1;p,q (q_4)|N0|_2|N0mIg+lpq’+2
| Uj=o Ll + [No
|Il/
AL sl + gl + (4= 42 “”)Mﬂ+2
< 4.97
Ui L]+ N (427

"“” 1 > 1, see Remark 4.5 for details, we again have an

Since |UJj_o L;| > 0 and (q 4 =2t

increasing function of |[N,| < |Ly41| and we obtain

|86'//‘ ’ n+1;p, q| + (q - 4)|Ln+1| +2
|/%| yun+1
( )| n+1pq’+(q_4)u—;{+1pq|+2

o |Un+1
I;Hr?pq

(q B 5)| -‘rlpq’ + (C] 6)|I”+1,pq| +2| +1pq| + 2|Iﬂ+lpq’ +2
yun+l

1"
2In+2 iPyq

(L) (4.28)

Remark 4.4. By Definition 2.6, we recall that |[N,| contains the maximal number of vertices in

Lniipg, 1.6, [No N Iny1p | is maximal. For j = 1,...,|Ly41], we define S; the ordered strips Ly+1

of length |S;| = |N,|. Thus, we obtain
No N Tnt1p,q]

|Ln+1|
‘Sj mInH‘;D q’ |Sj mInJrl'p q|
Dnsipgl = Y 28 < p ) max LR
n+1ip,q ; 1S, T e Ly |} EA " NG
(4.29)

Remark 4.5. We prove that ¢ — 2 — 2‘I|"L“p‘q| >1land ¢g—4— o] &“p'ql > 1. By definition of I, 114
and recall that the eigenvalues Ay were defined in Equation (4.19) and the constants a+ in Equation

(4.17),

v(1_2()‘T+H_1_/\E+l)>q—2—4”q72
a+)\i+1 +a \TE T ay
4
>1 (4.30)

4
(P‘Q)(” 1‘@—2)@—2))

| n+1pq‘
q—2—205RIl — 94
‘Ln-i-l’

where we used that the first function is decreasing in n, the second function is increasing in p and
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q with 1/p+1/q < 1/2. Moreover,

3 ((1 - \/Tg) AT (1 + \/;Tg) )\i-&-l)

‘ I//

pdl
) =q—4— 2P g g
9(a,n) =q | Lns1] 1 a+)\i+1+a_)\7l+l
—2 —2
3((1—,/3_(),) Ao+ <1+~/3_6> >\+>

>q—4- >g(7,1)>1 (4.31)

a+)\+ + a_A_

where we used that the first function is increasing in n and the second function is increasing in g,

where ¢ > 7.

4.3 Proof of Proposition 3.3

We know that the tile 7 := Lg is a generating set for G, ,. The word norm induced by 7 in G, ,
is the minimal length g of a word respectively to the Fuchsian group in 7. Let g(z) be the growth

series,

g(2) = ag+ a1z + agz® + ...

where a,, is the number of elements in G, ;, with word norm exactly n. Recall that we are considering
our hyperbolic lattice starting from a tile and not from a vertex. The coefficients a, of the growth

series will depend on p, we have that for n > 0

0
(p) _ n
a = 1,1T

forp>4and forp=3andn >1

3
® =3+ (1,113
i LT 3(g—4))
where the matrices 77, Ty were defined in Equations (4.12) resp. (4.14). In the first case we write

o

g(z)=p+ (L1 | > 2T | 2w (4.32)
n=1
where the vector v is equal to v =T} (2).
We note that the sum in this formal function g is the Maclaurin series of the following rational

function
filz)=p+(1,1)(Zd — le)*lz v,

where Zd is the 2 x 2 identity matrix. By a direct computation, we obtain that

p(1+ 2)
zZ) = . 4.33
() 224+ (2¢+2p—pg—2)z+1 (4.33)
By applying [12, Theorem 1], we find that the Euler characteristic is equal to
1 2q + 2p — pq
X(Gpq) = = . (4.34)

A1) 2p
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In the following, we compute the Euler characteristic for p = 3. The growth series h(z) is equal
to

h(z) =3+ Z(l, 1)(Taz)" (3((13— 4)> =3(¢g—2)+(1,1) Z P Sl I (4.35)
n=0 n=1

where the vector u is equal to u = T3 (3(;’_ 4)). Then
fa(2) = 3(q — 2) + (1,1)(Zd — 2T%) 'z u,

or equivalently

3(g—3—2)
= . 4.
f2(2) 3+1+z(4—q+z) (4.36)
We apply again [12, Theorem 1] and obtain that
6 —
X(Gs.q) = —5— g (4.37)

which coincides with the Euler characteristic we have found before in Equation (4.34) setting p = 3.
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