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Abstract

We determine analytically for all &k € {0,1,...,d— 1} the k-volume densities of a Poisson—Voronoi
tessellation of intensity A > 0 in the d-dimensional hyperbolic space of constant curvature —1.
This largely extends previous results of Isokawa in dimensions two and three. As applications, we
provide closed form expressions for all face volume densities and all typical face volumes of the
ideal Poisson—Voronoi tessellation (IPVT), which is the low-intensity limit as A | 0 of the hyper-
bolic Poisson—Voronoi tessellation. As a main tool we develop a new Blaschke—Petkantschin—type
formula in hyperbolic space.
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1 Introduction and main result

Poisson—Voronoi tessellations and Blaschke—Petkantschin formula in Euclidean spaces.
Poisson—Voronoi tessellations are among the most classical models of random spatial subdivision.
Starting from a stationary Poisson point process in Fuclidean space, one assigns to each point
the region consisting of all locations for which this point is the nearest point of the process. This
construction produces a random tessellation whose cells describe the domains of influence of the
points of the process. Due to its simple definition and rich geometric structure, the Poisson—Voronoi
tessellation has become a standard model and has found numerous applications, for instance in
materials science, telecommunications, geographical modelling and the analysis of spatial data.

Several fundamental mean values of the Euclidean Poisson—Voronoi tessellation in R? are known
analytically. These include, in particular, the counting densities of k-faces and the corresponding
k-volume densities for all &k € {0,1,...,d—1}, see [M089, M@94, SW08] and the references mentioned
therein. Such formulas are basic quantitative descriptors of the tessellation. They determine how
many faces of a given dimension occur per unit volume and how much k-dimensional content these

faces carry on average. They therefore provide a benchmark for simulations, a point of comparison
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between different random tessellation models, and a starting point for the study of more refined
characteristics.

A central role in the derivation of such formulas is played by Blaschke—Petkantschin—type transforma-
tions involving spheres. These integral-geometric change-of-variables formulas allow one to separate
location, radius and directional information in configuration integrals, and thereby turn geometric
characteristics of the tessellation into tractable lower-dimensional integrals. Beyond Poisson—Voronoi
tessellations, Blaschke—Petkantschin formulas of this type have become versatile tools in stochastic
and computational geometry. We refer to the survey [Nik19], and mention selected applications in
[CD18, ENR17, EN18, EN19, RS24].

Poisson—Voronoi tessellations and Blaschke—Petkantschin formula in hyperbolic spaces.
It is natural to ask to what extent the analytic theory for Poisson—Voronoi tessellations survives
in non-Euclidean geometries. In the present paper we focus on hyperbolic spaces of constant
negative curvature —1. Hyperbolic Poisson—Voronoi tessellations retain the basic nearest-neighbour
interpretation of their Euclidean counterparts, but the underlying geometry becomes substantially
different. In particular, the exponential growth of volume and the absence of a scaling as in Euclidean
spaces significantly influence the topology and geometry of the cells, and make explicit computations
far more delicate.

Compared with the Fuclidean case, considerably fewer characteristics of hyperbolic Poisson—Voronoi
tessellations are known in closed form. Detailed studies in dimensions two and three were carried out
in [Iso00b, Iso00a], where mean values and structural properties of the corresponding tessellations
were investigated based on hyperbolic trigonometry, which is possible only in these low-dimensional
cases. In general dimension, first explicit progress was made in [GKT22]. The approach there is
based on the relation of hyperbolic Poisson—Voronoi tessellations to so-called beta-star polytopes and
yields for any dimension d > 2 and any k € {0,1,...,d — 1} an explicit description of the expected
number of k-faces of the typical cell. These numbers determine in turn the k-face counting densities
of the hyperbolic Poisson—Voronoi tessellation. However, these results only concern the combinatorial
structure of the tessellation. They do not determine the metric size of its lower-dimensional skeletons.
In particular, no formula for the k-volume density of the hyperbolic Poisson—Voronoi tessellation in
arbitrary dimension seems to have been available so far.

The present paper studies the complementary metric quantity, namely the k-volume density of the
hyperbolic Poisson—Voronoi tessellation, in arbitrary dimension. Thus, instead of counting k-faces,
we measure their total k-dimensional volume per unit hyperbolic volume. This provides the metric
counterpart to the face-counting formulas obtained in [GKT22]. It also substantially extends the
explicit computations in low dimensions from [Iso00b, Iso00a] and complements the asymptotic
local results of [CCE21] for the face-counting densities of Poisson—Voronoi tessellations on general
Riemannian manifolds. The relevance of such metric characteristics is already visible in dimension
two: the low-intensity limit of the length density of the one-dimensional skeleton, equivalently the
k-volume density for £ = 1, plays a central role in the upper bound for the Cheeger constant of high
genus hyperbolic surfaces obtained in [BCP25]. This connection will be discussed further below in
relation to the ideal Poisson—Voronoi tessellation.

A key ingredient in our approach is a new Blaschke—Petkantschin—type formula in hyperbolic
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Figure 1.1: Left: sample of the Poisson—Voronoi tessellation of H? in the conformal disk model at
positive intensity (nuclei in red). Right: sample of IPVT(H?) coupled via dilation from o. In both
figures, only the first 10000 nuclei have been used (and displayed in the left one).

space. It decomposes configuration integrals according to the geodesic subspace, the centre and the
radius of the circumsphere determined by a collection of points. A boundary case of our formula,
corresponding to d + 1 points with a unique hyperbolic circumcentre, was previously obtained in
[Chal8, Proposition 2.1.1]. The form needed here extends this decomposition to lower-dimensional
circumspheres and is therefore suited to the analysis of k-faces for every k € {0,1,...,d — 1}. Since
Fuclidean Blaschke—Petkantschin formulas of this type have proved to be a versatile tool in the
applications discussed above, it is natural to expect that a hyperbolic counterpart will be useful
beyond the specific computation carried out here. We therefore regard this formula as an object of
independent interest. We moreover mention that the ratio of face-counting densities and face-volume
densities available from [Iso00b] has been used in [HM24] to compute the right derivative at A =0
of the critical probability p.()) for Poisson—Voronoi percolation on the hyperbolic plane, where the
percolation model is defined by colouring independently the cells of a Poisson—Voronoi tessellation
with intensity A. We leave the investigation of the implications of the present work for hyperbolic

Poisson—Voronoi percolation in dimensions d > 3 to future work.

Ideal Poisson—Voronoi tessellations. The explicit formula for the k-volume density of a
hyperbolic Poisson—Voronoi tessellation we prove makes it possible to study the low-intensity regime.
This connects the present work to the ideal Poisson—Voronoi tessellation (IPVT), a recently introduced
limiting object obtained from hyperbolic Poisson—Voronoi tessellations when the number of nuclei
per unit volume tends to zero. The ideal Poisson—Voronoi tessellation is a remarkable new scaling
limit whose cells are unbounded hyperbolic polytopes with a unique ideal point at infinity. We
denote this random tessellation by IPVT(H¢), following [DCE™26].

The motivation for ideal Poisson—Voronoi tessellations comes from several directions. They were

introduced in part in connection with the study of Cheeger’s constant of high genus closed hyperbolic



surfaces [BCP25], as alredy indicated above, and are also related to questions on invariant random
tessellations and non-amenable geometry, see, for instance, [Bhul9]. Since their introduction,
IPVTs and the geometry of their cells have found a number of striking applications. These include
connections with Gaboriau’s fixed price conjecture [FMW23] and estimates for uniqueness thresholds
in Poisson and Bernoulli-Voronoi percolation on product spaces with non-amenable structure
[GR25, DGK™"25].

For real hyperbolic space H¢, d > 2, the tessellation IPVT (Hd) is an isometry-invariant random
subdivision of H? into countably many unbounded hyperbolic polytopes, each having a unique end,
see Figure 1.1, right, for a sample in the case d = 2. In the upper half-space model, the zero cell, that
is, the cell containing an arbitrary but fixed point, admits a particularly transparent description: its
law is that of the complement of a union of Euclidean half-balls whose centres and radii are governed
by an explicit Poisson point process. This Poissonian representation is one of the central features of
the model, and remains available in related non-Euclidean settings beyond H¢, see [D’A24].

As noted above, the face-counting densities of IPVT (Hd) were obtained explicitly in [DCE™26],
using the connection with the results of [GKT22]. Combining these formulas with the low-intensity
limit of the k-volume densities obtained in the present paper yields corresponding explicit formulas
for the mean k-dimensional volume of the typical k-face of the ideal tessellation. Thus our results

provide the missing metric counterpart to the known face-counting formulas for IPVTs.

Formulation of the main result. Let dist(, -) denote the hyperbolic distance on the d-dimensional
hyperbollic space H? of constant curvature —1, and let H™ denote m-dimensional Hausdorff measure,
m € {0,1,...,d}, with respect to this distance. In particular, H? is the hyperbolic volume measure
on H?. Fix XA > 0, and let 1, be a Poisson point process on H¢ with intensity measure AH?. The
Voronoi cell with nucleus x € 7, is defined by

C(x,my) = {y € H? : dist(y, z) < dist(y, z) for all z € ny}.

The collection of all such cells is the hyperbolic Poisson—Voronoi tessellation with positive intensity
A, see Figure 1.1, left, for a sample in the case d = 2. To simplify comparison with the existing
literature we remark that in [DCET26] the intensity was chosen to be A¢~!. For k € {0,1,...,d —1},
let Xy (n)) denote the set of all k-faces of this tessellation, that is,

Xi(tmy) = | Fe(Clz,m0),

TEN

where Fj(P) denotes the set of all k-dimensional faces of a polytope P. Fix a bounded Borel set
W c H? with 0 < H4(W) < oo, and define the k-face volume density by

1
Dyp(N) = =B | Y HYFNW)
HAW) FeXp ()

The expectation on the left-hand side defines an isometry-invariant Radon measure on H?, and hence
is a constant multiple of the hyperbolic volume measure. Thus Dg()) is independent of the choice

of W. Our first goal is to compute this density explicitly for every positive intensity .



Throughout this paper we put ¢ = d — k, write
27rk/2
T Tk/2)

for the area of the (k — 1)-dimensional Euclidean unit sphere, and define

q
w g Wa g W gt1
Agg = d(g+1)—q " ¥d+1 gl (1.1)
Wd(g+1)—g+1
The constant A;, has a probabilistic interpretation: q'wﬁAd’q is the expected g-dimensional
Euclidean volume of the random simplex generated by ¢ + 1 independent points sampled uniformly

from the Euclidean (d — 1)-dimensional unit sphere, see [KST26, Chapter 4]. Finally, we denote by
‘a
ba(r) = wd/ sinh?1(s) ds, r >0,
0

the hyperbolic volume of a hyperbolic ball of radius r.
We are now prepared to present the main result of this paper. It gives a complete analytic formula
for all k-face volume densities, k € {0,1,...,d — 1}, in every dimension d > 2 and at every positive

intensity A, reducing the problem to a simple explicit one-dimensional radial integral.

Theorem 1.1 (FACE VOLUME DENSITIES FOR POISSON-VORONOI TESSELLATIONS IN H%). For
d>2andke€{0,1,...,d— 1}, we have, with ¢ =d — k,
)\q—l—l o)
Dyr(N\) = — Aqg q / exp{—Abq(r)} sinh(d_l)(‘l+1)(r) dr.
’ (¢+1)! " Jo

Remark 1.2. The integral appearing in Theorem 1.1 can be viewed as a Laplace transform. Define
P(s) = sinh® (b7 (s)),  s>0.

Then the change of variables s = by(r) gives

/00 exp{—Abg(r)} sinh(dfl)(qﬂ)(r) dr = wd_l LY (N),
0

where £[1)7] denotes the Laplace transform of the function 2. This observation will be used in the
proof of Corollary 2.1 below.

The integral also admits a probabilistic interpretation. If 7y is an isometry-invariant Poisson process
in HY with intensity A, then exp{—bq(r)} = P(n\(Bg(0,7)) = 0), where o € H is fixed. Hence,
if Ry denotes the distance of o to the nearest point of 7y, then P(Ry > r) = exp{—Abg(r)}, or
equivalently by(R)) has the exponential distribution with parameter A\. Thus the above integral is
the same as

1 1 qld—
o E[sth( 1)(R>\)].

Consequently, Theorem 1.1 may also be written as
Dar(\) = (qfcll’)q!% X E[sinh?@=D(Ry)].

Thus the k-face volume density is, up to the constant Ag,/((¢ + 1)!wq), determined by the g-th
moment of the hyperbolic surface-growth factor at the nearest-neighbour radius of a typical point.
This is consistent with the underlying geometric construction: a k-face has codimension ¢, and
locally arises from ¢ + 1 nuclei on the boundary of an empty hyperbolic ball. The void probability of
this ball is exp{—Abg(r')}, while the factor sinh?@~1)(r) reflects the remaining ¢ angular degrees of
freedom.
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Table 1: Values of Dy, for 2 < d < 4. Table 2: Values of E [H’“(F;ykp)} for 2 <d < 4.

2 Applications to the IPVT

We now turn to the low-intensity regime and its relation with the ideal Poisson—Voronoi tessellation
(IPVT). The latter is obtained as the limit in distribution of hyperbolic Poisson—Voronoi tessellations
when the intensity A of the underlying Poisson process tends to zero and was introduced in [DCE™26].
In contrast to the Euclidean case, where changing the intensity merely amounts to a rescaling, the
intensity parameter in hyperbolic space has genuine geometric content. Letting A | 0 produces a
non-trivial limiting random tessellation, denoted by IPV'T (Hd), whose cells are unbounded hyperbolic
polytopes with exactly one ideal point at infinity. The explicit formula in Theorem 1.1 allows us to
compute the low-intensity limit
Dy = 1;% D (N),

which is the k-face volume density of IPVT(H¢) according to [DCE*26, Lemma 4.1]. Values for
d € {2,3,4} are given in Table 1.

Corollary 2.1 (FACE VOLUME DENSITIES FOR IPVT(HY)). Ford >2 and k € {0,1,...,d — 1} we

have that, with ¢ =d — k,
_ Adg (d—1)1

D = RS
d,k q+1 wg—i—l

Remark 2.2. To ease comparison with the existing literature, we remark that in [DCE"26], the
constant which we call Dy, is denoted by id7k~ In particular, it has been shown in [DCE™26,
Proposition 5.3] by computing the slope at the origin of the hole probability for the zero cell of
IPVT(H?) that
B HI(d) d—1wsq 1" wgy1

I(EHI(d - 1) 2 warwa

This matches our result for Dy 4.
Remark 2.3. For d = 2, the numerical ordering of the face-volume densities is

1 2
Dyp=—-<—=2Ds;.
T T



For d = 3, the sequence of the k-volume densities is not monotone, since

Starting from dimension d = 4, however, the face-volume densities are strictly decreasing in the face
dimension. In fact, one can show that Dgo > Dg1 > ... > Dgq—1 for all d > 4.

We record now several consequences of Corollary 2.1. The first is concerned with the volume of
the typical k-face of the IPVT. Using the notation from [DCE™26, Section 4.1], let I, denote the
k-face counting density of the IPVT and Dy denote the corresponding k-volume intensity. While
the IPVT does not admit a typical full-dimensional cell in the usual sense, the typical k-face for
ke {0,1,...,d— 1} is well defined, since the k-faces of IPVT (]I-]Id) are almost surely bounded and
have positive and finite counting density. We denote by F;?;Cp the typical k-face of the IPVT, in the
sense of the Palm distribution associated with the k-face process, as defined in [DCE™26, Section 4].
Moreover, putting ¢(a) = 7~/2T'(a)/T'(a — 1/2), the constant

Jdk = 2<Z>c<d22> /OO cosh=(@*-1) u%(% + ic(%) /u cosh®™! vdv) kdu
0 0

is the angle-sum constant appearing in [DCE"26, Equation (4.12)], and

d+1
T Wi w2
_ 1)d+1 d
(d— 1)+ Wi W

IDV, =

denotes the mean hyperbolic volume of the typical ideal Delaunay simplex. We stress the fact
that all these quantities are known analytically from [DCE"26, GKT22, Kab21]. The only missing
ingredient for a closed-form expression for E [Hk(th?'k )} is therefore the k-volume intensity Dg .,
which in turn is provided by Corollary 2.1. Combining it with the known formula for the k-face
counting density yields the expression below. Some explicit values of E [Hk(ngp)}, for d € {2,3,4},
are displayed in Table 2.

Corollary 2.4 (MEAN VOLUMES OF TYPICAL FACES IN THE IPVT). For k € {0,1,...,d— 1}, with

q= d— k7
Ag,IDVy (d—1)2
E Hk Ftyp — »qd i
[ ( d.k )] (d + 1)Jd,k wngl

Corollary 2.1 also has a consequence for ordinary Poisson—Voronoi tessellations of positive intensity
in H? before passing to the ideal limit. Although the limiting IPVT does not come with a canonical
typical cell in the usual Palm sense, the Poisson—Voronoi tessellation with intensity A > 0 does. The
next corollary shows that the constants Dy describe the low-intensity blow-up rate of the expected

total k-volume of the k-faces of this typical cell.

Corollary 2.5 (BLOWUP RATES FOR SKELETONS OF THE TYPICAL POISSON—VORONOI CELL). Let

Z:lyf denote the typical cell of the Poisson—Voronoi tessellation in H? with intensity X > 0. Then,

forke{0,1,...,d—1},

IimA\E
20

> HAE)

FE]-'k(Z;f'A)

= (d +1- k)Dd,k-




As another application, we mention that the formula in Corollary 2.1 also allows us to read off the
behaviour of the k-volume density Dgj, of IPVT (Hd) in high dimensions, that is, as d — co. We
only record the main regimes. We use the quotient form of Stirling’s formula, which ensures that for
fixed a,b € R,

I(x+a) . (a—Db)(a+b—1) _
m—x b<1+ o + O(x 2)), T — 00,

see [TE51]. Now, if the codimension ¢ = d — k is fixed, then

dl q(g +2)* —2
Diqg—qg = 1-— .

For ¢ = 1, this gives Dg 41 = %(1 — & 40(d™?)), in agreement with the discussion after Proposition

5.3 in [DCE'26]. If on the other hand &k > 0 is kept fixed, then

—3/4
Wk41€
Dy =

' V2 (27r)k/2

In particular, Dy = v/2 e 3/4d471/2¢=4/2(1 + O(d™")) in agreement with [DCE*26, Theorem 4.7].
Finally, if £ = ad + O(1) with « € (0,1), then Stirling’s formula applied on the logarithmic scale

4= (k+1)/2 ,—~d/2 <1 + 15]{1:27;16 + O(d2)> , d — oo.

leads to .
log Dy, = (1 — a)dlogd — 5 (1 -—a+aloga)d+ O(logd) .

3 Notation and preliminaries

In this section we collect some notation and background material that will be used throughout the
paper. The purpose of this section is mainly to provide a common reference point for the geometric
conventions we use. Some notation will nevertheless be recalled, or introduced in a more specialized
form, at the place where it first becomes relevant. This is meant to keep the main statements

readable while still making the technical parts of the paper self-contained.

When we work in the Euclidean space R? we write || - || for the Euclidean norm and (-,-) for
the Euclidean scalar product. The dimension will always be clear from the context. We write
Bga(z,r) = {z € RY: ||z — z|| < r} and B, (z,7) = {x € R? : ||z — a|| < r} for the closed and
open Euclidean balls in R? with centre z € R? and radius r > 0, respectively. Finally, we write
wg = 2m%2 /T(d/2) for the surface measure of the Euclidean unit sphere in R

We denote by H¢ the d-dimensional real hyperbolic space of constant sectional curvature —1, and by
dist(-,-) its geodesic distance. Its Riemannian volume measure is denoted by H¢. Equivalently, this
is the d-dimensional Hausdorff measure induced by dist(+,-). Throughout the paper, o denotes an
arbitrary but fixed point of H? which we refer to as the origin. The closed geodesic ball in H¢ with
centre x and hyperbolic radius r > 0 is denoted by Bpa(z,7), and the corresponding open ball by
BRa(z,r).

More generally, if M is a Riemannian manifold, then, by a slight abuse of notation, H*, s > 0,
denotes the s-dimensional Hausdorff measure induced by the Riemannian distance on M. For y € M,

we write T, M for the tangent space at y, endowed with the Riemannian inner product (-, -),. Its



unit sphere is denoted by SyM = {u € T,M : (u,u), = 1}, and o, denotes the spherical Lebesgue
measure on Sy, M.

For a Riemannian manifold M the exponential map at y € M is denoted by exp, : T, M — M.
Thus, for u € S, M, the curve r ~ exp,(ru) is the unit-speed geodesic starting from y in the
direction of u, as long as ru belongs to the domain of exp,. If x € M does not lie in the cut
locus of y, then z has unique geodesic polar coordinates x = expy(ru), where r > 0 is the geodesic
distance of = to y and u € S, M. In these coordinates, the Riemannian volume measure is given by
HA(dx) = Jacy(r, u) dr oy(du), where d = dim M and Jacy(r, u) denotes the radial Jacobian of the
exponential map. In the case of our interest M = H¢, this Jacobian is independent of y and u, and

equals sinhd_l(r). Thus, in hyperbolic space,
H(dx) = sinh?(r) dr o, (du), T = exp,(ru).
We refer to [Leel8] for further background material on Riemannian manifolds, especially to [Leel8,

Section 5.3] for the exponential map and to [Leel8, Corollary 10.17] for the representation of the

volume in H¢ in terms of geodesic polar coordinates.

4 A new Blaschke—Petkantschin—type formula in hyperbolic space

In the proof of Theorem 1.1 we will make use of a new hyperbolic integral-geometric transformation
formula of Blaschke—Petkantschin—type, which is in a similar spirit as the transformation formulas
developed in [CCE21, Chal8]. To present it, we need some further notation. Let M be an m-
dimensional smooth Riemannian manifold, let 1 < ¢ < m, and let F': M — R’ be a smooth map.

For a point z € M put

Jr(2) = \Jdet (VE(2), VE;(2))-)

So, JF is the normal Jacobian of F' and (-,-), denotes the Riemannian inner product in the tangent

¢
i,j=1’

F=(F,...,F).

space T, M of M at z. We use the same notation for product manifolds.

Proposition 4.1 (HYPERBOLIC BLASCHKE-PETKANTSCHIN FORMULA). Let d > 2, let k €
{0,1,...,d -1}, and put ¢ =d — k. For x = (x0,...,z,) € (H)IHL, let

L(x) = {y € H? : dist(y, z0) = dist(y, 21) = ... = dist(y, 2)}.

For y € L(x), write p(y,x) = dist(y, x9) = dist(y,x1) = ... = dist(y, z4) for the common distance.

Then, for every non-negative measurable function h : HY x [0, 00) — [0, 00],

/ / h(y. p(y, x)) HE (dy) HAOD (dx)
(Hd)q+l L(X) (41)

= Ad7q/ / h(y,r) sinh@DE@) (1) dr H(dy),
He J0
where Aq 4 is given by (1.1).

Remark 4.2. (i) The inner integral of the expression on the left-hand side of (4.1) is understood
in the almost-everywhere sense. The configurations x for which L(x) is non-empty but not a
smooth k-dimensional submanifold form a H#@+1)-null set and hence do not affect the value

of the integral.



(ii) The case k = 0, equivalently ¢ = d, is already contained in [Chal8, Proposition 2.1.1]. Indeed,
in this case, for every nondegenerate (d + 1)-tuple of points in H¢, the set L(x) is either empty
or consists of a single point. In the latter case, this point is the unique hyperbolic circumcentre.
After translating the notation in [Chal8] to curvature —1 and integrating out the angular
variables, the formula gives precisely the case ¢ = d of (4.1). Proposition 4.1 shows that the

same type of decomposition holds for all £ € {0,...,d — 1}.

Proof of Proposition 4.1. Put X = (H%)?+!'. We consider the set Z C H? x X consisting of all pairs

(y,x), with x = (20, ..., 24), for which dist(y,zo) = ... = dist(y, z;) > 0. The part with common
radius zero can only occur when xg = ... = x4 = y. After projection to X, this is contained in
the diagonal {z¢ = ... = x4}, which has HU @+t _measure zero. It also gives no contribution to the

right-hand side of (4.1), since the singleton {0} has zero Lebesgue measure in the radial variable.

We first describe Z as a level set of a suitable function. For that purpose, define
FiHI XX =R, (y,%) = (Fi(y,%), -, Fy(y,%)),

where
F;(y,x) = coshdist(y, z;) — coshdist(y, o), ie{l,...,q}.

The map (y,z) — coshdist(y,z) is smooth on H? x H?. Away from the diagonal this follows
from the smoothness of the distance function. Near the diagonal, one may use geodesic normal
coordinates depending smoothly on the centre . In these coordinates the function y — cosh dist(y, x)
is represented by v +— cosh |v|, which is smooth also at v = 0, since it has an even power series (this
is the reason why we work with cosh dist(-,-) rather than dist(-,-)). Hence, F is smooth on H¢ x X.

Since r +— coshr is strictly increasing on [0, 00), the equation F(y,x) = 0 is equivalent to
dist(y, o) = dist(y, 1) = ... = dist(y, z).

Thus Z is the part of F~!(0) on which the common distance is positive.

We claim that Z is a smooth submanifold of H? x X. Fix (y,x) € Z, write the common distance
as r > 0, and write x; = exp, (ru;) with u; € Sy]HId, i€{0,1,...,q}. Consider the derivative of F
with respect to the X-variables, keeping y fixed. By the first variation formula for the Riemannian
distance [Leel8, Theorem 6.3], V, dist(y, ) is the unit vector at = pointing away from y along the
geodesic from y to x. Hence V coshdist(y, x) = sinh dist(y, )V, dist(y, x) and therefore, at a point
with dist(y, z) = r we have ||V, coshdist(y, z)|| = sinhr. Since the i-th component F; depends only

on zg and x;, we have
Vi F; = ( — Vg, coshdist(y, z0),0,...,0,V,, coshdist(y, z;),0,..., 0),

and it follows that |V Fj||? = sinh?r 4 sinh?» = 2sinh®r. This gives the diagonal entries of the
Gram matrix. For 7 # j the vectors V4 F; and VxF} have only one common nonzero component,

namely the xp-component. Thus
(VxF;, VxFj)x = (—V4, coshdist(y, zo), —Va, coshdist(y, 0))z, = sinh?r,

which yields the off-diagonal entries. Summarizing, we see that the Gram matrix of Vi Fi, ..., VxFj,
is sinh?(r)(I, +117), where 1 = (1,...,1)T € R is the vector all whose coordinates are equal to
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one. Since det(I, +117) = 14171 =1+ g, the determinant of the Gram matrix is (g + 1) sinh!(r),

and therefore the normal Jacobian of x — F(y,x) is

JxF(y,x) = \/q+ 1 sinh’(r). (4.2)

In particular, this is strictly positive as soon as r > 0, so F' is a submersion along Z. The implicit
function theorem on manifolds shows that Z is a smooth submanifold of dimension d+ (¢+1)d —q =
d(q+ 1) + k, see [Leel3, Chapter 5.

Let 7x : Z — X and mya : Z — H? denote the canonical coordinate projections. We apply the smooth
coarea formula for Riemannian manifolds (see [BZ88, Theorem 13.4.2] or (A-2) in the appendix of
[How93]) to these two projections. First, applying it to mx gives the left-hand side of (4.1) as an

integral over Z, namely
/ / ;%)) HE (dy) HUHD (dx) = /l h(y, p(y, %)) T (y, %) HOFDHE(A(y, %)),

where we recall that Jr, denotes the normal Jacobian of the projection mx.

We now change the order in which the set Z is sliced. Let Jr denote the normal Jacobian of
F:H% x X — RY, and let JyF and JyF' denote the normal Jacobians of the partial maps obtained
by keeping x, respectively y, fixed. On the smooth submanifold Z C F~1(0), the normal Jacobians

of the restricted coordinate projections satisfy the identities

JyF(y,%) IxF'(y, x)
I (y, %) = mv Ira (Y, %) = Ty %)

compare with the derivation of Equation (1) in [Z&h90]. These identities follow by applying the
smooth coarea formula in local product coordinates to the regular level-set representation of Z.

Consequently,
I (4, %) JyF(y,%)
Jﬂ'Hd (y7 X) JXF(?/? X)

Applying the smooth coarea formula to mya : Z — H? with the integrand

h(y,p(y,X))irX(gjy”)j)

therefore gives

/ / (v, p(y, x)) H*(dy) HUTD (dx)

JF(y, X) 4 d(g+1)—q %) H4
/H/ (0 (0:30) S 8 0 7 ),

where 7, = {x € X : (y,x) € Z} is the fibre above y.

We now compute the quotient of Jacobians in (4.3). For (y,x) € Z, write again z; = exp, (ru;)

(4.3)

fori € {0,1,...,q} with u; € SyIHId in geodesic polar coordinates around y. As above, by the first
variation formula for the Riemannian distance, V,F;(y,x) = sinh(r)(ug — u;) for i € {1,...,¢}.

Hence,

JyF(y,x) = sinh?(r) J(uo, . .., uq), J(ug, ..., uq) = \/det(<ui — U, Uj — u0>y)§’j:1.
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Together with (4.2), this yields

JyF(y,x)  J(uo,..., uq)
Ty %) ES I (4.4)

It remains to represent the Hausdorff measure HUa+1)~4 op 7, in geodesic polar coordinates. For

fixed y, define the map
@, : (0,00) x (S;HHY = T, (r,ug, ..., uy) — (exp,, (rug), . . ., exp, (ruy)).

This parametrizes Z,, smoothly and one-to-one, because the exponential map exp, : (0, 00) x Sde —
H?\ {y} is a smooth diffeomorphism (there is no cut locus in H?). For fixed r, the angular map
u; — exp,, (ru;) from Sde onto the geodesic sphere of radius r has Jacobian sinhd_l(r) for each

i €{0,1,...,q}. Thus the ¢+ 1 angular variables contribute the factor
sinh(= D+ (1) oy(dug) - - - oy (dug).

The radial derivative of ®, is

d d d
0r®y(r,ug, ..., uq) = (5 expy(ru()), I expy(rul), o expy(ruq)>.

Each component is the velocity vector of a unit-speed geodesic and thus has unit length. Since the

components lie in mutually orthogonal factors of the product (H?)9*! it follows that

H@,nCIJyHQ :ZHEGXP?J(TW) =q+1
1=0

Moreover, the radial direction is orthogonal to all angular directions in the product tangent space TxX,
where x = ®,(r,uo, . . ., uq). Hence the Jacobian of @, is v/g + 1 sinh@" D@+ () "and therefore

HUatD=4(dx) = \/q + 1 sinh D@D () dr oy(dug) - - - oy (dug).

Substituting the last identity and (4.4) into (4.3), the factors /¢ + 1 cancel, and we obtain

/ / h(y, ply, x)) H* (dy) HUH (dx)

X JL(x) (45)

:/ / / Wy, ) J(uo, - - ., ug) sinh @ D@ (1) dr g, (dug) - - - oy (duy) HE(dy).
Hd J (s, Hd)a+1 Jo

It remains only to evaluate the (¢ + 1)-fold integral over S,HY. After identifying 7, H? isometrically
with R?, we have J(ug, ... Jug) = ¢!Ag(uo, ..., uy), where Ay(up,...,uy) denotes the Euclidean
g-dimensional volume of the simplex with vertices ug,...,u,. Hence, by the spherical simplex
moment formula, see [SWO08, Theorem 8.2.3] and [KST26, Theorem 4.12],

/( | J(ug, . .., uq) oy(dug) - - - oy(dug) = Aggq.

The left-hand side is independent of y, by rotational invariance. Combining this identity with (4.5)
proves (4.1).
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5 Proof of Theorem 1.1

Fix d > 2, k € {0,1,...,d — 1} and put ¢ = d — k. We write 77?\;1 for the collection of ordered

(¢ + 1)-tuples of points of the Poisson point process ny. For x = (xq,...,x4) € n‘)]\;l write

L(x) = {y € H? : dist(y, x0) = dist(y,21) = ... = dist(y, 24)},

and p(y,x) = dist(y, xg) for the common distance. We first work on the full-probability event on
which the Poisson—Voronoi tessellation is normal. Thus no point of H? is equidistant from more than
d+ 1 nuclei, and, for ¢ = d — k, the relative interior of each k-face is generated by a unique unordered
(¢ + 1)-tuple of nuclei. More precisely, if x = (zo,...,z4) is such a tuple, then the corresponding
relative interior consists of those points y € L(x) for which ny N Bg,(y, p(y,x)) = 0. The remaining
points belong to lower-dimensional faces and therefore do not contribute to the k-dimensional
Hausdorff measure. Hence, for every bounded Borel set W C HY with 0 < H4(W) < oo,

1 (o]
> OREW = X[m0 Busex) = 2}, (5)
FeXg(na) ’ (xo,...,xq)Enf\:;l Legnw

where the factor (¢ + 1)! removes the ordering of the same generating (q + 1)-tuple of nuclei. Taking
expectations and applying the multivariate Mecke equation in [SWO08, Corollary 3.2.3] gives

)\‘H‘l
(g + 1)1 H

= ht X)) = k da+1) (dx).
D) 77 oo Ly O VB0 0:30) = 2) WA (0

Next, we use the Poisson void probability together with the fact that the volume of a hyperbolic
ball only depends on its radius. This gives

/\q+1
(g + 1)1 He

Dax(N) = W /(Hd)w / oy EP Al N H@H @), (52)

We now apply Proposition 4.1 to the right-hand side of (5.2). Recall that, for x = (zo,...,2z4) €
(H4)a+1 the set L(x) consists of all points y € H? having the same distance from o, . .., x,. Define

the non-negative measurable function
h/\ : Hd X [07 OO) - [07 00]7 (y,T’) = 1W(y) exp{—)\bd(r)}.

Then the integral in (5.2) can be written as
Lo ] n(aeply) ) e ),
(HA)a+t J L(x)
By Proposition 4.1, applied to hy, we obtain
Lo | n(aepln) ) e
(HA)a+1 J L(x)
= Ad’q/ / ha(y,r) sinh@ D@D ) dr 14 (dy)
He JO
= Aag / L (y) H(dy) / exp{—Aba(r)} sinh =D () dr
Hd 0

= gy HW) / exp{—Aba(r)} sinh @ D@D (1) dr,
0
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where we also used Fubini’s theorem. Consequently,

A )\q+1 [e's]
Dar(N) = =242 _ / exp{—Abg(r)} sinh @~ D@ (1) dr. (5.3)
(a+1)! Jo
This completes the proof of Theorem 1.1. O

6 Proofs of the Corollaries for the IPVT

Proof of Corollary 2.1. We identify the limit of Dy x(\) as A | 0. We use the formula from Theorem

1.1 and put for ease of notation
Iy = \Tt / exp{—Abg(r)} sinh @D+ () qr.
0

By Remark 1.2,

SN, w(s) = sinh® (5;1(s)).

Moreover, the large-radius asymptotics for the volume of hyperbolic balls gives

. sinh?1(r), r — 00,

(s) ~ (d‘l)qsq, s o0,

wWd

by(r) = wd/ sinh?=1(t) dt ~ dwd
0

and hence

where the notation ~ indicates that the ratio of the left- and the right-hand side tends to 1. Thus
¥ is regularly varying at infinity with index ¢. Karamata’s Abelian theorem for Laplace transforms
[Fel71, Chapter XIIL.5, Theorem 5| therefore yields

d—1\1
LEl(A) ~ <wd> D(g+ DA, Ao
Consequently,
_ 1)
I/\ — q! u, A \L 0.
w‘H—
d

Combining this with the representation of Dg()), we obtain

Adg  (d=1)7  Agy (d—1)0

R R

Digr=1lmDg(\) =
a = lim dk(N)

This completes the proof. ]

Proof of Corollary 2.4. By [DCET26, Proposition 4.2,
D
E[HEERD)| = T2,
’ Lk
, where we recall that I denotes the k-face counting density in IPVT (Hd). The statement follows
now by combining the result of Corollary 2.1 with

_ d+1 Jjak
¢+ 11IDVy

from [DCE*26, Theorem 4.7]. O

Lok
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Proof of Corollary 2.5. For a normal isometry-invariant tessellation of H?, the balance relation

between the typical cell and the k-face volume intensity gives

> HHE)

FeFu(Z3}

E

Indeed, by normality every k-face is almost surely incident to exactly d + 1 — k full-dimensional cells,
and the cell intensity is A, see [DCE™26, Proposition 4.3]. Multiplying by A and using Dy ;(\) — D
as A J 0, yields the claim. ]
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