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Part 1
Introduction

I.1 Summary

This manuscript studies assignment problems with a focus on their stochastic
formulation. We first review the linear assignment problem and a random vari-
ant called "Euclidean Random Assignment Problem", where cost are induced
by distances. Then using a paper of Talagrand we derive a result on typical
asymptotical distance of binomial processes. Next we introduced a simple one-
dimensional toy model with a Poisson limit at the critical scale, inspired by a
simulation of satellite images given the CNES. We then study the application
of the Hungarian algorithm, to recover the original position of objects in these
images. Particularly how the different parameters of the simulation impact the
accuracy of the optimal assignment in this setup.

I.2 Assignment problem

I.2.1 Assignment
Sections 1.2.1 and 1.2.2 are largely inspired by [1].

The assignment problem asks how to assign n € N items of one type (work-
ers, sources) to n items of another type (tasks, targets). Mathematically, an
assignment can be viewed as a bijection ¢ from a finite set U onto a finite set
V' both containing n elements. Identifying U and V with the set of integers
{1,...,n} allows us to represent an assignment by a permutation o € S,,, where
S, denotes the symmetric group over a finite set of n symbols. We recall that
every permutation is uniquely associated to an n xn matrix called a permutation
matriz Py = (pij);' -, defined by

1 ifi=o(j

Pij :{ 0 otherwi(se) ' (1)

Equivalently, assignments can be represented via bipartite graphs. A graph

G = (U, V, E) with disjoint sets U and V and edge set E is bipartite if every

edge connects a vertex of U with a vertex of V' and no edge has both endpoints

in only U or only V. A matching M in G is a subset of the edges such that

every vertex of G meets at most one edge of the matching. Let’s now suppose

that |U| = |V| = n. In this case if every vertex of G is incident with an edge

of the matching M, it is called a perfect matching. Every assignment can be
represented as a perfect matching.



1.2.2 Linear assignment

We introduce a cost matrix C' = (¢;;);j=1 where ¢;; is the cost of assigning 7 to
j. We are looking for an assignment m,,; of minimal cost, i.e. minimizing the
sum:

H(o) = Zcia(j) = TT(PUC)- (2)
i=1
By definition
Topt = arg moin Z Cio(j)- (3)
i=1

And we call H,p¢ the minimal cost (or minimal energy)

Hopt = H(oopt) = ;Ielgl H(o). (4)

In 1955, Harold W. Kuhn found an algorithm called Hungarian algorithm
(see [5]), Kuhn-Munkres algorithm which given a cost matrix finds the optimal
assignment, in O(n?) time complexity. See appendix A for more information.

I.2.3 Euclidean random assignment problem (ERAP)

Whats follows comes from |3, Page 9-11].

Let B={B;}!", and R = {R;}_; be two families of i.i.d. random variables
distributed according to some measure v, the disorder measure, on a Polish
space M (typically R9).

The cost of assigning B; to R; is ¢; j == C(B;, R;) defined by some nonnega-
tive measurable function ¢ : M x M — R. The, {¢;;}7;_; can be arranged into
a non-symmetric, n X n matrix:

c(B1,R1) c(Ba, R2)
C= : :
C(anRl) U C(Bn7Rn)

called the cost matrix. In our case, we will consider M = R? and the cost
function ¢ will be the euclidean distance D raised to the power p

c(z,y) = D(z,y)", p>0. (5)

The p comes from the p-Wasserstein distance from the continuous version
of this problem. m,,; and H,p: are defined as in the previous section 1.2.2, they
are now random variables.
A well defined stochastic assignment problem, called ERAP (from the En-
glish "Euclidean Random Assignment Problem"), is specified by the tuple (M, D, v, p).



I.3 Typical euclidean greedy distance in [0, 1]¢

1.3.1 Poisson process

A Poisson point process (PPP) is a random countable set of points scattered
locally compact metric space endowed with a Radon measure. The numbers of
points in any disjoint regions are independent and, for a region A the number of
points N(A) follows a Poisson law of parameter given by the intensity measure
of the process A, of A. See appendix C for details.

1.3.2 Result and proof

Let 71 be a Poisson process on the unit cube [0, 1]d, with intensity measure
given by Leb, the Lebesgue measure. Equipped with the euclidean distance D,
([0,1]4, D) is a complete separable metric space. Thus 7 is a proper point process,
which we denote by II. We also define, for A, B C [0,1]4,

D(A,B)= min D(a,b),
(a,b)eAXB

and use the shorthand D({z}, A) := D(z, A).

Adapting an argument of the paper [9], we now prove that the average min-
imal distance between a typical point and a binomial point processes of sample
size n and disorder Leb in the unit cube, has rate n=/4,

Proposition 1.3.1. Let n € N. Conditioning the Poisson process on the event

{n([0,1)%) = n},

We obtain a binomial process of sample size n and disorder Leb. In this setting
and n — oo for all x € [0,1]%,

-

Kqn~# <E[D(z,11) | ([0,1]%) = n] < 2K4n~ (6)

r(j
dCy

~

Where K, = is the volume of the unit ball in R<.

— s /2
,and Cy = ey

|

Proof. Upper Bound: for any A € M and z € [0, 1]¢, let

P,(4) = P(A | 5([0,1]) = n)

We first look at the tail of distribution of D(z,II) under Py,

P, (D(a,11) > ) = Py (n(B(z,7) N[0, 1]7) = 0).
By Proposition C.1,

P, (n(B(x,r) N[0,1]%) = 0) = (1 — Leb (B(X,r) N[0,1]%))". (7)



The volume of the intersection of a d-cube and a d-ball of fixed radius, whose
center is constrained inside the d-cube is minimal when the center coincides with
one of the corners of the d-cube. In this case, the total volume of the sphere is
cut by a factor of 57 (cut in half in all directions). The volume of the ball is
proportional to ¢, we have the following inequality,

Leb (B(z,r) N [0,1]%) > 2—1dC’drd. (8)

Combining (7) and (8) we obtain,
1 2\
P, (D(z,II) >r) < (1— 2—dCdT .
but
1 " —nL Cyr?
(1= gCart) e

Where ~ refers to asymptotical equivalence®. For n large enough

P, (D(z,II) > r) < e "z Car 9)

The Euclidean distance between two points of the unit hypercube is at most
Vd. Giving us that, P, (D(z,II) > 7) = 0 for r > V/d.
By integrating over r in (9),

vd vi oo
E,[D(z,11)] :/ P, (D(z,I1) > r)dr g/ e 29I g,
0 0

d
We now perform the asymptotic analysis of the integral fo\/a e "2aCar g,

Write C; = 2—1,10,1. Performing the following change of variable:

1

w \1
r= -)d
u = nClrd ( Ca 371
du = dnC&rd’ldr dr = 22—
r=20 ” d(nC/)d
u=0
r=+d a
u=dznC,
We get
1Given two sequences (un)nen, (Vn)nen With ¥n € N, v, # 0 we have that lim %2 =1
n—oo n



Nz dincy 4=t
/,..d u
/ exp (—nCyr?) dr = / + exp (—u) du
0 0 d(nCy)d
d
n-% d2 nCé a1
= u~ 4 exp(—u)du
acle Jo
_1
=n ana
d%nCl, _d-1 r(d)
n —_a—= =5
where C,, = —1 fo dy~ @ exp(—u)du — —i
acyd n— oo dC’[’iE

We finally get the desired upper bound, for large n:

I(
Ca

U=
~—

I3
dCy

~—

n

n

=
al=

=2

En[D(z, IT)] < (10)

-
-

QU

Lower bound:

To prove the lower bound, we proceed similarly as what was done for the
upper bound. Since

Leb (B(z,7) N[0, 1]d) < Leb (B(x,r)) = Cyr?,

and
P, (D(z,1T) > 7) =P, (n2 (B(z,7) N[0, l]d) =0) (11)
= (1 — Leb(B(z,r) N [0,1]4)" (12)
> (1-Cyr?)". (13)

So using (13) we get by integrating over r that

Nz n p(l)
E,[D(z,1I)] > / (1- Cdrd) dr ~ —4in~a,
0 dCyd

=
—
—
IS
Nz



Part 11
Theory

II.1 A 1d model
II.1.1  Setup

The motivation for this internship was to apply assignment problem to satellite
data acquisition. In particular recognition of objects on an image. Imagine we
have n blue real points and n red shifted (see 4) points captured by the satellite.
The general goal is to match the red points to their original blue point.

0

200

400

600

800

0 200 400 600 800

Figure 1: Optimal assignment for n = 25. In blue true points, in red points
measured by the satellite with incidence angle 6, = 0,60, = 30 for hpjas = —100

Seeing those simulations we noticed that the shift are all in roughly the same
direction. That why we wondered if the problem was essentially unidirectional
and tried to model the projection along the shift axis.

I1.1.2 Mathematical model and ordering condition

Following 1.2.3, let (B;)1<i<n 7 blue uniform points on [0, 1] equipped with DP,
p>1, By < ... < By the ordered blue points (order statistics of the B;’s)
and s; be i.i.d. Rademacher random variables with P(s; = 41) = 3. We then
define



For a convex cost (p > 1) , the monotonous assignment is optimal 7o, € S,
(see section 1.2.3) in one dimension is [3, Page 21]: the i-th red ordered point is
matched to the i-th ordered blue point. Hence

Topt =1d <= Ry <--- < R,. (16)
This is equivalent, for alli =1,...,n — 1, to
R; < Ri-&-la (17)

which can be rewritten as follows.
A; = B(i+1) — B(i) > En(si+1 — Si). (].8)
By a quick analysis
o If s; = s;41, then (18) is satisfied;
e Same if (Si7 Si+1) = (—1, +1)7

e The only "problematic" case is when (s;, s;4+1) = (+1, —1) which forces
Ai > 2ep,.

Define the number of potential violations

n—1

V,, = Z; 1{(si,8041) = (+1, =1} 1{A; < 2¢,,}. (19)

We will note S; == {(si,8i+1) = (+1,-1)} and G; = {A; < 2¢,} for com-
pactness.
Then 7op = id iff V,, = 0.

I1.1.3 Asymptotics of P(m,,; = id) (three regimes)
Proposition I1.1.1. Let a > 0, as n — oo,
0, en>n"2
P(mopy = id) — { e=/2, ¢, =an~?
1, en K N2

Proof. The proof use the method of moments to show that V,, converges int
distribution towards a Poisson random variable of parameter &
P(mopy = id) = P(V,, = 0) (20)

Qualitative analysis



Let us first observe that
n—1
E[Va] =) P(SinG,). (21)
i=1

Since the (s;)7; are independent of the A;
]P)(SZ ﬂGi) = ]P)(SZ)]P)(GZ) (22)

And (see [8] for the law of A;)
1
P(S;) = T P(G;) =1—(1—2¢e,)". (23)
Combining (21), (22) and (23) we get

AT S Sl LN LSS

We can now compute an equivalent for E[V,,] as n — oo

E[V,] ~ (n — 1)%. (25)

We can now see why «/n? is the critical scale. If £, << a/n?, then E[V,,] —
0, and since V;, > 0, we have that almost surely lim V,, = 0. Equivalently

P(opt = id) = P(V,, = 0) = 1. (26)

On the other hand, if €, >> a/n? then, * E[V,] diverges. We cannot say
anything rigorous with this statement alone but we have an infinite number of
bad gaps on average making hard for (7., = id) to happen. Finally, the critical
scale is the only case where 0 < imE[V,,] < oo.

Higher order moments for critical scale ¢, = %

We will now prove the following convergence in distribution as n — oo
Vi, = Poisson(5). In order to do so we will use the methods of moment, using
factorial moments. N

Indeed Lemma 3.13 from [4, page 14] states that, for X = > Y; a sum of

i=1
indicators, ¥; might be dependent, the factorial moment of order k denoted [X]y
is given by

Xle=k > E[Yi...Y],

1<iy, ig <N

We can directly apply this result to V,:

[Vilk = k! > EX, .. X

1§i1,...,ik§n—1

10



Where the X; = 1g,1¢, (see below (19)). Let us dive into the calculation of
E[X;, ... X;]

E[X; ...X;] =P (k]sij N ﬁGij . (27)

j=1 j=1
If for a choice of {i1,...,ix} there are two indices i;, %, such that |i; —i,,| =1
(two successive indices), then (k] Si; = 0, and hence in this case E[X;, ... X;,] =
0. Let us now consider the Ch(iii(l-l's of {i1,...,ix} € Iy where I}, == {{i1,... i} |

Vi, im,|i; — im| > 2} (no consecutive indices). In this case all, the S; are
independent for j = 1,...,k and also independent of any of the G;. Thus

k k
P Sij n ﬂ Gij =
1 j=1

Jj=

k

k 1 k k
P(Si,)P| (G, | = () P| ()G,
1 j=1 4 j=1

Therefore
1\F k
j=1
k
We now have to compute P | (| G, |. Since the A; are exchangeable,
j=1

k k
P ( N Gij> =P < N Gj>. Then, by the inclusion-exclusion principle applied
j=1 j=1

to the complementary event, we get

k k J
PGS | =D (-1 > oop (ﬂ G;‘i> : (29)
Jj=1

Jj=1 1<a1<...<a; <k =1

J J
Using now the exchangeability of the A;, P (ﬂ Ggi> =P < N Gf) we get
i=1 i=1

J
P <ﬂ Gf) = / 1, fa(z)dz, (30)
i1 Rr+1l () ;i >2e,

i=1

n+1

where fa(x) = nl1{> z; = 1;2; > 0,Vi} is the density function of the
i=1

vector A = (Ay,...,An11). We then perform the following change of variables

w2, if 1<i<j

Yi = z; otherwise ’

11



whose absolute value of the determinant of the Jacobian is equal to 1. We
have

n+1 n+1
/ 1, a1 @ =1;3; > 0,Vitde = / ) "y = 1-2jeny; > 0,Vildy
Rn+1

Dl x>0 P Rn+1 P
We now perform a second change of variables, for all i =1,...,n+ 1,
v
Y1 —2je,]

whose Jacobian is (1 — 2je, )" 1. So

n+1 n+1
/ ) i =1-2jen;y; zo,w}dyz/ I} "z =112 > 0,Vi}(1 — 2je,)" T dz
Rt i=1 Rt i=1

=(1- stn)"H/ fa(z)dz

Rn+1

= (1 — 2je,)" .
Coming back to (29), we finally get,

k

k
PGS | =D (-1y! > (1-2je,)" (31)

j=1 j=1 1<a1<...<a;<k

But {1 <a; < ... <a; <k} has (I;) terms. Injecting (31) into (28) we
obtain

E[X;

TR

g i : : s :
) @ Xy ) = 2e)m )it ik € I
X )= = J
0 otherwise
(32)
Therefore the k-th factorial moment of V,, writes exactly as

Vale = k! Ik (i)k 1- zk:(—l)j_l (I;) (1 — 2je,)"

j=1

But |I;| = (";k) Indeed we have to choose k numbers from {1,...,n} with
at least one gap between any two picks. Think of reserving the k — 1 gaps to
separate them. That leaves (n — 1) — (k — 1) = n — k usable positions. Now
choose which k of these n — k giving (”;k). We finally obtain the following
exact formula

12



[Valk = k! (n ; k) (i)k 1- é(—l)j‘l (?) (1 —2je,)" !

We now have to compute the limit as n — oo of [V,]i. Recall that

(1 _ 2j6")n+1 — ef2j%+o(1/n).

So
k i )
o=yt ( ) (1—2je,)" Tt =1— (1 _ 6—2%+o<1/n))
j=1 J
[0 k
—1— (27 1 )
- +o(1/n)
moreover

combining all
1\* /_a\k ok
[Vals ~ n* <4) () = (5) -
[Thomas: super critical case is missing] 0
Part II1
Application to image acquisition

III.1  Setup

In our simulated data, for each true point (blue), the simulator generates several
projected locations (red) corresponding to different height bias. Indeed the red
points are obtained using the following equation,

(@r,yr) = (xp, 2p) + Ah(tan(f, ), tan(6,)), (33)
with

Ah = topography(xp, p) + hbias- (34)
In our simulated data the topography is fixed (see figure below).

13



3D view of DEM relief 2D DEM map (top view)

200
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B
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Figure 2: Topography of our simulation 2 pixels = 1 meter

And the height distribution is the following:

Histogram of DEM Values

100000

80000

60000
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40000 -

20000

0 100
DEM value (m)

Figure 3: Height distribution

The satellite is sufficiently far away to suppose any variation in theta for
different objects negligible.
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Satellite

Ground

. True ground Projection
Nadir point & !

Figure 4: Geometry of satellite imaging. An elevated object of height Ah is

shifted by e = Ahtan @ along the look direction w; @ is the incidence angle from
nadir.

First image: blue x; second image: red +

200 A

800

400 600
x_im_2_100

Figure 5: In blue true points, in red points measured by the satellite with inci-
dence angle 6, = 0,0, = 30 for hpias € [—100, —50, 0, 50, 100]

Last parameter to consider in this simulation is the number of missing true
points (blue points) Nmissing-
To sum up parameters of the problem are

e the number of objects n,

® Mmissings

15



e angle of incidence 6, (and ¢, which we can fix equal to zero since it only
changes the direction the projection).

L4 hbias .

II1.2 Quality of assignment

We want to analyze the impact of the different quantities of our simulation
on the quality of the optimal assignment. To do so we compare it to the true
assignation via the ratio:

Qomorsical = #{correctly assigned points}
empirical #{blue points} '

Recall that #{blue points} = 17 — nmigsing. We will study the ratio in the 2D
case and its 1D projection (x and y directions).

II1.2.1 Influence of parameters on the quality of assign-
ment ()

In this section we will study empirically the impact of parameter on (). Here is
the plot of @ in function of the parameters, for the 2D and 1D assignments.

Assignment Quality vs. Altitude Bias

° »
DY
=+ 10X

Assignment Quality vs Theta Y Incidence Angle

assignment quality (%)

» £
itude Bias (m) Incidence angle Theta_Y (degrees)

(a) Impact of hpias. Parameters: n=>50,(b) Impact of 6,. n=100, 7Nmissing=0,
Niter=1000, Nmissing=H, 0y =20°. Abias=0, Niter=300.

Assignment Quality vs Missing True Objects Assignment Quality vs Number of Objects

“/ /

B » £ B E)
Number of missing true objects (n_missing) Number of objects (n)

(¢) Impact of Mmissing. =100, 6,=20°(d) Impact of n. hpias=0, Niter=300,
hbias:07 Niter =300 nmissingzlo, ey:20°.

Figure 6: Impact of each parameter on Q, error=2*SE.

From those plots we observe :
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e An increase in 0, Nmissing, or 7 leads to a decrease of @ for the 2D and
1D Y assignments.

e For hy;qs we observe the same behavior but for an increase in its absolute
value, explaining the parabola.

e Given the model on the projection perpendicular to the shift axis, projec-
tions of blue and red points are the same. This explains why we observe
100% accuracy.

I11.2.1.1 Conclusions

In this setup the best use of Hungarian algorithm, seem to be on the projection
along the perpendicular axis of the shift. In the 2D case it performs reason-
ably well for low values of the parameters, but never beats the perpendicular
projection. Lastly the collinear projection performs poorly in every case.

I11.2.2 1D model prediction

Our analysis reveals that projecting along the z-axis is the best to get maximum
accuracy. To make it more interesting we can introduce some ’'noise’ along the
z-axis. Placing in the setup of our model, a Rademacher of parameter %, scaled
by € > 0. We recall that as shown in the proof of II.1.1 the expected number of
violations is
1—(1-2e)"

4

We can give a very elementary lower bound on P(7m,p; = id) using Markov’s
inequality,

E[Vn] = (n—1)

17



Part IV
Perspectives

IV.1 On the theoretic side

Use a richer noise. Replace the ¢,s; Rademacher per continuous noise
(uniform, gaussian)

e Link the model to the rectangular case n reds, n — Nmissing blue

Go beyond one dimension, using Fourrier analysis in two dimension in the
case p = 2 to get estimates on the cost of V(Hqpt).

e Prove the super critical scale of the proposition II.1.1

IV.2 Application side

e Broaden the scope of the tests performed
e Use other simulations/real data
e Comparison of Hungarian vs Greedy algorithm

e In the setup subsection 1.3.2, compare as n grows the optimal assignment,
to the accuracy of the optimal assignment looking only a points at a
distance of the order of closest neighbor n~/¢. This equivalent as using
the Hungarian algorithm on the truncated (sparser) distance matrix.

18



A Hungarian Algorithm
A.1 The algorithm

The Hungarian algorithm, also known as the Kuhn-Munkres algorithm, is used
to solve assignment problems by finding an optimal assignment that minimizes
the total cost of a given cost matrix. See the original article [5]. My imple-
mentation of the code is available here: github.com/ThomasQuarck/hungarian-
assignment.

Duality Condition

In the context of the assignment problem, duality refers to the use of dual
variables (or potentials) u; and v; associated with each row ¢ and column j,
respectively. The duality condition helps achieve optimality. Specifically, for a
given cost matrix C' with elements c;;, the dual variables satisfy the following
condition for all ¢ and j:

U; + Uj S Cij-

Equality is achieved when an assignment is made from row i to column j.
Thus the complete assignment is obtained when we have n of theses equalities.
The algorithm iteratively adjusts these dual variables to ensure that an optimal
assignment can be obtained.

Steps of the Algorithm

e Initialization:
Start with the original cost matrix. Initialize dual variables u; = 0 for all
rows and v; = 0 for all columns.

e Subtract Minimum in Rows and Columns:
For each row and column, subtract the minimum value to ensure there is
at least one zero in each row and column.

e Covering Zeros:

Cover all zeros in the matrix with a minimum number of horizontal and
vertical lines. If the number of lines equals the size of the matrix, an
optimal assignment exists among the zeros. Otherwise, proceed to the
adjustment step.

e Adjusting the Matrix:

Determine the smallest non-covered element, denoted as §. Subtract ¢ from
all non-covered elements and add it to elements that are covered by two
lines (intersection points). Return to the covering step.

19
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Example

We start with the initial cost matrix where each element represents the cost of
assigning a worker to a task:

o I ot
Ao W
-1 © >
Ut oo 1 O

Initial Potential Vectors
The potential vectors u and v are initialized to zero:

u=10,0,0,0], v=10,0,0,0]

Adjusting the Matrix by Subtracting Row Minima
We find the minimum value in each row and subtract it from all elements in
that row:

N U O N
O O N O
LW~ —= Ot
—= o W W

w=1[3,4,2,4 v=1[0,0,0,0]

Adjusting the Matrix by Subtracting Column Minima
Next, we find the minimum value in each column and subtract it from all
elements in that column:

N Ut O N
O O N O
N O O
O Ot N

u=1[3,4,2,4 v=1][0,0,1,1]

Covering of Zeros and Finding § We observe that only 3 lines (rows 2 and
4 and column 2) are needed to cover all the zeros. We identify the smallest
non-covered element, which is 2. This is our §:

0 = min{non-covered elements} = 2

Adjusting the Matrix with ¢
We adjust the matrix by subtracting ¢ from non-covered elements and adding
it to elements covered by two lines:

N W oo
N O = O
N s O N
(e BEGURN - R aw)

20



w=1[54,4,4 v=1[0,-21,1]

In this matrix, we box the independent zeros and cover the necessary lines:

0] o 2 o0
0 4 [o] 2
3 [0] 4 3
2 2 2 [0]

Lines covering all zeros are rows 1 and 3 and column 3.

The algorithm continues iteratively until an optimal assignment is found,
which is when each row and each column contain exactly one covered zero. In
the final matrix, this condition will be met, and the optimal assignment can be
determined by selecting these unique covered zeros.

A.2 Complexity analysis

This section summarize the complexity analysis of my implementation of the
hungarian algorithm and compare it to the Scipy version

Linear Scale Log-Log Scale

81 — My algorithm —e— My algorithm
—— Scipy —&— Scipy
1024 === Cn? reference

T ]

w
Execution time (s)

Execution time (s)

®r P 5 5 5 T2 2 3 32 52 32 32 2 F P PR
Number of points (n) Number of points (n)

Figure 7: Complexity analysis on matrix of sizes n = 27 with j in [|2,13]] (1000
realizations per matrix size).
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Table 1: Performance comparison between our implementation and Scipy

Size  Algorithm  Mean (s)  Standard Deviation 95% CI Ratio (Scipy/Ours)
2 Ours 0.000 044 26 0.000021 28 0.000 001 35 0.096 613
2 Scipy 0.000004 28 0.000042 27 0.000002 67
4 Ours 0.000 096 59 0.000 060 42 0.000003 82 0.039 100
4 Scipy 0.000003 78 0.000 008 43 0.000000 53
8 Ours 0.000 269 68 0.000 14016 0.000 008 86 0.019187
8 Scipy 0.000005 17 0.000 01265 0.000 000 80
16  Ours 0.000 841 96 0.000 344 76 0.000021 80 0.010319
16  Scipy 0.000 008 69 0.000009 39 0.000 000 59
32  Ours 0.00307220 0.000942 49 0.000059 61 0.007 808
32 Scipy 0.000 02399 0.00001089 0.000 00069
64 Ours 0.00981752 0.002 468 84 0.000156 14 0.009 214
64 Scipy 0.000 090 46 0.000014 29 0.000 00090
128  Ours 0.022074 38 0.004 936 24 0.00031220 0.016 933
128  Scipy 0.00037379 0.000045 12 0.000 002 85
256  Ours 0.036 781 22 0.008 01085 0.000 506 65 0.041 800
256  Scipy 0.001 537 44 0.000 158 21 0.00001001
512 Ours 0.07271809 0.01369547 0.000 866 18 0.090 805
512 Scipy 0.006 603 18 0.000518 32 0.000 03278
1024  Ours 0.158 07495 0.025 52031 0.00161405 0.174 307
1024  Scipy 0.027 553 60 0.002 028 98 0.000 128 32

A.3 Test of the algorithm

We perform here some checks of the algorithm using known results.

A.3.1 PP-ERAP on [0,1], p=2

Let us consider a PP-ERAP on [0,1] and p = 2. According to [3, page 27|, we
know that for p > 1 in the one dimensional case

E[Hopt) o cpn'T . (35)
In the case p = 2, we should get E[Hope] — co.
n—oo
Proposition A.1. The average moment of order 2 of the Brownian bridge on
[0,1] is ca.

Since p > 1 we are in the convex regime thus the solution must be ordered.
We can then write,

n

Hopt = Z(B(z) - ]:i(z))2 (36)

=1

We write the empirical CDF of B and R
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1 1o
Fa(@)= 2> Lmsay, Gal@) = 23 jpie)-
=1 i=1

If t; = #1 then,

Hopt = D _(Fy (i) = Gt (1) (37)
But, )
S WAE )=V (1) = [ (RE 0= VG O dero(). (38)
i=1

Recall that (B;)"; and (R;)!_, are independent i.i.d uniform variable of
CDF F(x) = G(z) = 2. So F~(z) = G~ !(z) = x. Using this in (38) combined
with (37), we get,

Hopt = /O (Va(F7H ) = F7H1) — V(G () = GTH)%dt. (39)
By Donsker theorem, v/n(F; 1 (t) — F~'(t)) = —BW(t) and /n(G;(t) —

G71(t)) = —B®@(t), where B? and B") are two independent Brownian bridges.
Finally

How = [ (B0~ BO@) (10)

By taking expectations, and by independence of B(), B(),

E[Hop] = /OIIE[(B(Q)(t) ~ BO®)2dt = 2/0175(1 ~f)dt = % (41)

In practice we observe the following behavior for E[H gp).
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Theoretical (y=1/3)

Number of points

Figure 8: Empirical mean of H,, for n points in [0,1] n =
2,4,8,16,32,64,128,256 (1000 realizations per number of points).

Indeed, if we define the optimal transport field [3, page 24| as:

pi = Ry, iy — Bi.

We can then write H,p: in terms of ;1 as follows for any p
n
Hopt - Z |,u'i|p- (42>
i=1
We can now compute E[H,,;] in the case p =2
n

> (Ra,,) — Bi)?

i=1

n n

=S B[R | 2D B[R, Bi+Y_E[BI].

i=1 i=1 i=1

EHop) =E

The B; and R; have the same law so for all i E [Bf] =K [Riopt(i)}

E[Hopt] = 2 Z E [B?] -2 Z E [Rx,,.)Bi] -
=1 =1

We know that the solution is ordered meaning R(;) is send on the it" blue
B (it" order statistic). In the end using the independence of B; and R;

EMop] =2 E[Bf] -2 E[B)".

We now have to compute E [B?] and E [B;)] .
As B; ~ Uniform([0, 1])

E [B}] = z’dr = 1,
[0,1] 3
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and B(;) ~ Beta(i,n — i+ 1) (easily seen via the cdf) so

1

E[By] = —-
Finally,
o [n o n@n+1)]  n
E[Hopt] = 2 [3 ~ mt ) } ST (43)

oretical
— 13*n/(n+1)

Figure 9: Comparaison of the empirical average of Hopy (blue dots with error
bars) with the exact formula (43) (light blue continuous line). The limit value
is plotted as an orange horizontal line. n = 2,4, 8,16, 32, 64,128, 256 (1000 real-
izations per number of points)

Table 2: Empirical measures of Hopt

Matrix Size Mean Cost

2 0.2299 £+ 0.0145
4 0.2645 £+ 0.0154
8 0.2866 £+ 0.0158
16 0.2870 £ 0.0157
32 0.2971 £ 0.0162
64 0.3244 £ 0.0181
128 0.3256 £ 0.0177
256 0.3168 £ 0.0170

Note: 95% confidence intervals shown

Rectangular case - exponential entries

For an m x n rectangular matrix with iid exponential entries of parameter 1 we
know that [7, page 1] the expected value of the cost of optimal assignment is
given exactly by:
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E[Hom} =

1
2 =7 )

i,j>0
i+i<k

Exponential case

Mean cost
o ° ° o o
~ w S & Py

o
=

Experimental
Theoretical
T Uncertainty (95%)

T =

0.0 T
10x20

15x35

25%50 30x71 50%100

Figure 10: Mean cost for rectangular matrix of size: 10x20, 15x35, 25x50,

30x71, 50x 100.

Table 3: Statistical validation of mean costs

Matrix Size Experimental Cost

Theoretical Cost Deviation (%)

10%20 0.573 £
15%x35 0.478 £
25x50 0.577 £
30x71 0.478 £
50x100 0.580 £

0.011
0.007
0.007
0.005
0.005

0.574 —0.2
0.483 -0.9
0.579 -0.3
0.477 0.3
0.581 -0.1

Note: 95% confidence intervals (k=2 expansion factor)
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B Birkhoff polytope

B.1 Birkhoff-von Neumann theorem

In this section we will recall a proof from [2] of the Birkhoff-von Neumann
theorem, using linear algebra.

Definition B.1. Permanent [2, Page 504-506]
If A= (a;;)1<ij<n is an n x n matrix with complex entries the permanent of

A, per(A) is defined by

peI‘(A) = Z A1,6(1) - - - On,o(n)
oeS,

Remark. Another formula |2, Page 504-506|
There is also a formula to compute per(A) that is analogous to computing
the determinant by expanding into its minors.

V1 <i<m,per(A) = Zaiyjper(Ai_j). (45)
j=1

Before proving the theorem, we will need two Lemmas.

Lemma B.1. [2, Page 504-506] Let A € R™"*™ be a non-negative matrix. Then
per(A) = 0 iff there exists a r X s zero submatrix of A with r+s=n+1.

Proof. The proof goes by induction:
o Initialization:
Let us consider a 2 x 2 matrix A = ((CL Z) such that Per(A)=0. But
Per(A)=ad + be so
(a,¢) =(0,0) or (a,b) = (0,0) or (d,c) = (0,0) or (d,b) = (0,0) (46)

In every case we have an 2 x 1 or 1 X 2 matrix full of zeros the the condition
r+s=3=n+11is met

o Assume the lemma holds for all matrix size k x k with & < n. Let A be
an+ 1 xn+ 1 matrix, such that per(A) = 0. Two possible scenarios, as
per(4) = 2?21 a; jper(A,; ;) for all ¢, in the fist possible case we have that

H’LVL Qj,5 = 0 (47)

In that case we have a 1 xn+1 matrix of zerossor+s=1+n+1=n-+2.

Otherwise for all 7 it exist a j such that a; ; # 0. But the entries being all
non-negative, all terms in sum of per(A) are non-negative we necessarily
have that per(A; ;) = 0. Since A; ; is a n X n matrix we can apply it the
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induction hypothesis. So there exists a r x s zero submatrix of A; ; such
that r + s = n + 1. By permuting rows and columns we can suppose that
the zero matrix is in the right top corner of A such that:

A= (g 10)) (48)

Thank to the condition r + s = k + 1 the blocks B and D are square
respectively 7 X r and s x s. Moreover notice that

per(A) = per(B)per(D).

We either have per(B) = 0 or per(D) = 0. Let’s treat the case were
per(B) = 0 the other cases are handled similarly. If per(B) = 0 as B is an
r X r matrix with » < n we can use the induction hypothesis to deduce
that there is an ¢ X j, matrix of zeros in B such that 1 +j = r + 1. By
rearranging lings and columns in A, we finally have an i x (j + s) block of
zeros with ¢ +j+ s =7+ 14 s = k + 2. This completes the proof.

O

Definition B.2. Doubly stochastic matrix |2, Page 504-506]
A doubly stochastic matriz is a non-negative square matrix (x;;)i1<; j<n that
satisfies the following conditions:

n n
in*j =1 and in,j =1.
i=1 j=1
Remark. The set of doubly stochastic matrices is exactly the set of kernels of

reversible Markov chains.

Lemma B.2. [2, Page 504-506] Let A € R™*™ be a doubly stochastic matrix.
Then per(A) > 0.

Proof. Let A be a bistochastic matrix of size n x n such that per(A) = 0. By the
preceding lemma, there exists an r X s sub matrix of zeros such that r+s = n+1.
Without loss of generality we can assume that:

A= (g g) (49)

Let’s denote X(G) the sum of all entries in the matrix G. As A is bistochastic
we have that

r=%(B) <X(B)+X(C)=n—s.

28



So r + s < n which contradicts r +s =n -+ 1.

Definition B.3. Permutation matrix [2, Page 504-506]
A permutation matriz is matrix that has exactly one entry of 1 in each row and
each column. All other entries are equal to zero.

Remark. There is a bijection between the set of all permutation matrices of
size n and S,

| 8, — Perm
Pl o (0i,0(i))1<i<n

-1

{ Perm — S,
ot

We can then introduce the notation Py = (0; 5(;))1<i<n-

Theorem B.1. Birkhoff Von-Neumann [2, Page 504-506]
Every doubly stochastic matrix is a convex combination of permutation matri-
ces.

Proof. If P is a permutation matrix, then the assertion is self-evident. If P is
not a permutation matrix, then since P is a doubly stochastic matrix according
to the Lemma B.2, we know that per(P) > 0. So, there necessarily exists a
permutation o € S, such that 1 > py ;1) .- Pn,om) > 0. Let

AL = min{pl,o(l)a cee apn,a(n)}

and let II; be the permutation matrix with 1’s in the io (i) position for all
1 <i<n. Then

P— 1
P = 11l
1—X
is a doubly stochastic matrix with at least one more zero entry than P;. We
can decompose P as

P =TI + (1— APy (50)

If P, is not a permutation we repeat the preceding steps ie there exists
0 < A2 < 1 a permutation II5 such that,

P, — Py — )\2H2'
1— X

We repeat the process up until P; is a permutation. This procedure as a

finite amount of steps because we add at least a zero entry to P; at each step

and P; has a finite number of entries. O

Remark. We can now see that the set of doubly stochastic matrices is exactly
the convex hull of the permutation matrices. We will now refer to this set as the
and denote it B,,.
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B.2 Birkhoft’s Polytope

In this subsection we will compute the dimension of B, and the eigenvalues a
of some Markov chain on the edges of Bj

Dimension

The dimension of B, is the dimension of the embedding space minus the number
of constraints. There are 2n constraints one being redundant. Indeed fixing the
n row sums and the last n — 1 column sums to 1,

n n
1 §i§n729€i,j =1, 2<y Snyzﬁi,j =1
j=1 i=1
then summing first on the rows then on the columns we get
n n
DD wy=n (5)
j=1i=1
but by inverting the order of summation we obtain
n n n
DD my=n-lt) ay (52)
i=1 j=1 j=1

So necessarily by combining (51) and (52) we get

ZSCLJ‘ =1 (53)
j=1

We could have done the same reasoning without loss of generality, on any
other row or column. Proving that we only have 2n — 1 effective constraints so

dim(B,) =n? —2n + 1.

Analysis of Bj

Here are the permutation matrices of Bs:

100 010 00 1
P=(o1o0o|l,n=(00 1],=[1 0 0],
00 1 100 010
100 010 00 1
Pi=(0o o 1],ns=[1 0 0], Ps=0 1 0
010 00 1 100

Let us study the behavior of some Markov chains on the edges let’s start with
the edge {Py, P>} Let M € {Py, P>}, can be written as a convex combination
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M=MP+(1-\NP,=P = 0 A 1-2A

Let us find his eigenvalues

X—-XA A—1 0
xm(X) = 0 X—-X A-1]|=(X=-23=0\-1)3
A1 0 X-2A

27

So the eigenvalues are 1, A+ (A — 1)e5 A+ (A —1)e~ = . Thus any Markov
chain with kernel M converges with speed |A + (A — 1)e ™% | = VAT — A + 1.
The same holds for any convex combination of P; and Pj.
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C Reminders

C.1 Point processes

The majority of what is written in this subsection comes from [6, Ch 2].

Heuristically, a point process is an at most countable random collection Z
of points in some measured metric space S. We might think of Z as a mapping
w — Z(w) from 2 the space of all possible outcomes into the system of countable
subsets of S where (2, F,P) is an underlying probability space. Then Z can be
identified with the family of mappings.

wr n(w,B) =#(Z(w)NB), BCS.

We will now define precisely a point process.

If S is an o—algebra on S we say the pair (S,S) is a measurable space. In
practice S will often be a Polish space? and S = B(S) be the Borel c—algebra
on S. For the moment, we just assume that (.5, S) is a general measurable space.

Let us introduce the set of positive integer valued measures on S, M. (5),

Moo (S) = Mco = {it measure on S | VB € S, u(B) € N}.

and M(S) the set of countable sums of elements of M« .

M(S) ::M:{Zun|Vn€N,un€M<w}.

n=1

As an example of an element of M, we have the zero measure 0, which is
identically zero on S. Another example is the Dirac measure 6, at a point x € S
given by 9,(B) = 1p(x).

More generally, any sequence (finite or not) (z,)n>1 can be used to define a
measure

p=> 0, (54)

=1
then € M and

w(B)=> 1p(z,),BES. (55)

And more generally, for any measurable f : S — R, we have

[ fdn=3" ). (56)

n=1

2In a Polish space the study of Borel measures is convenient, Prokhorov’s theorem insures
convergence of sequences of measures, and separability ensures that the Borel sigma algebra
is large enough to distinguish every pair of points. In our specific case in a polish space any
Poisson process is proper.
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In general, it cannot be guaranteed that every u € M can be written in the
form (54). However, it is sufficient for u to be o-finite for this to be true.

Definition C.1. [6, Ch.2] v is an s-finite measure on S if v is a countable sum
of finite measure on S.

Definition C.2. [6, Ch.2] v is an o-finite measure on S there is a sequence
B,, € §,m € N such that

UBm =S and VmeNv(B,)<ox.

Let M(S) = M be the o-algebra generated by the sets

{peM: uB)=k},BeS,keN
i.e., M is the smallest o-algebra making p +— p(B) measurable for all B € S.

Definition C.3. Point process [6, Ch.2]
A point process on S is a random element n of (M, M) which is a mapping
n:Q— M.

Example. Let Q be a probability measure on S and suppose that Xy,..., X,
are independent random elements in S with distribution Q.
Then

77::5X1+"'+6Xn

is a point process on S. Because

n

P = 1) = ()@ - B, k=0,

7 is referred to as a binomial process with sample size n (see example 2.3
in [6, Page 11] ) and disorder Q (see page 10 of [3] for motivation of the term
disorder) [3, Page 10].

Definition C.4. Proper point process [6, Ch.2]

A point process  on S is a proper point process if there exists random elements
X1,Xs,... € S and an N := N U oo valued random variable s such that almost
surely

n= Z 0x, -
n=1

Remark. The class of proper point process is very large. Indeed if S is a Borel
subspace of a complete separable metric space, then any locally finite point
process (P(n(B) < oo) = 1 for every bounded B € §) on S is proper.
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Definition C.5. Intensity measure [6]
The intensity measure of a point process n7 on S is the measure A defined by

AB):=E[(B)], BeS.

C.2 Poisson processes

Definition C.6. Poisson process [6]
Let A be an s-finite measure on S. A Poisson process with intensity measure A
is a point process 17 on S with the following two properties:

- For every B € § the distribution of n(B) is Poisson with parameter A(B);

- For every m € N and all pair wise disjoint sets By, ..., B, € S the random
variables n(Bi),...,n(By) are independent.

Notation. If S is a is a Borel subspace of a complete separable metric space,
then any Poisson point process on that space is proper. In that case we will
often denote by II = {X,,,n < n(S)} the ensemble of random elements defined
in C.4. We also have that VB € S,n(B) = #{II N B}.

Proposition C.1. [6] Let n be a Poisson process on S with intensity mea-
sure \ satisfying 0 < A(S) < oco. Then the conditional distribution P( € - |
7(S) = n),n € N is that of a binomial process with sample size n and sampling
distribution Q := X057

Proof. Let n € NJA € M, we denote P,,(A) = P(A | n(S) = n). It is sufficient
to take A of the form A = {p € M : u(B) = k},B € S,k < n. Let’s compute
P,.(n € A).

Using Bayes theorem:

P{{n e {neM: u(B) =k} n{n(S) =n})
Pl e A= B(S) =)

We then show that the event {n € {x € M : u(B) = k}} n{n(S) = n} is
equal to {n(B) =k} N{n(B°) =n — k}. Let us first notice that

. (57)

{ne{peM:u(B)=Fk}}={n(B) =k} (58)
Since S = B U B° we can rewrite {n(S) = n} as follows:

{n(S) =n} = {n(BUB°) = n}.

as ) is a measure and B N B¢ = () we get

{n(S) =n} = {n(B) +n(B) = n}. (59)
Then, combining (58) and (59) we get

34



{ne{neM: pu(B) =k} n{n(S) =n}={n(B) =k} N{n(B) +n(B°) = n}.
We can further simplify as follows

{nefpeM:u(B)=k}}n{n(S) =n} ={n(B) = k}N{n(B°) = n—k}. (60)
Putting (57) and (60) together we get

P{{n(B) = k} 0 {n(B°) =n —k})

P(n(S) = n)
Since BN B¢ = () we have that n(B) and n(B¢) are independent. Thus

P({n(B) = k})P{n(B) =n — k})
P(n(S) =n)

P.(ne A) =

]P)n(n € A) =

But VA € §,n(A) ~ P(A(A)) , so

(AB) e B) (A(S)=A(B))* ke~ A () =A(B)
k! (n—k)!
A(S)"e- ()
o

]P)n(n € A) =

With tedious but elementary simplifications we obtain

() (ABYHOS) — AB)
Pane )= () A(S)" '

We finally get

Palie )= () @) - Q).
O

Proposition C.2. Joint distribution under P,
Under the same assumptions as C.1 let Ay,..., A; be in S, and g, 41, ..., be

k
positive integers such that 3 ¢, = n then
p=1

' ) n!
Pn(n(Ar) =i1,...,n(Ax) = ix) = ol i

Theorem C.1. Mecke equation [6]

Let A be an s—finite measure on S and 7 a point process on S. Then 7 is a
Poisson process with intensity measure A if and only if

8| [ femntan)] = [E17n+ 5] 5a), (61)

forall f: S xM — R,.
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Theorem C.2. Mapping Theorem [6]

Let n be a point process on S with intensity measure A\ and let T : S — S5’
were (S’,8’) is a measurable space. Then T'(7) is a point process with intensity
measure A o T'~1. If ) is a Poisson process, then T'(n) is a Poisson process too.

Example. Inverse CDF

Let X be a real valued random variable a of CDF F, and U a uniform random
variable on [0, 1]. We then know that F~1(U) ~ X where F'~! is the generalized
inverted CDF:

F~l(y) =inf{z e R| F(x) > y}.

By the mapping theorem, we know that 7 is an homogeneous Poisson process
on [0,1]. If x4 is a probability measure on R, we can define F(x) = u(] — oo, z])
then by the mapping theorem F~!(n) is a Poisson process of intensity measure
1. So we can simulate any Poisson process on R from an homogeneous Poisson
process on [0, 1].
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